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STIEFEL–WHITNEY CURRENTS
Reese Harvey and John Zweck
A canonically defined mod 2 linear dependency current is associated to each collection ν
of sections, ν1, ..., νm, of a real rank n vector bundle. This current is supported on the linear
dependency set of ν. It is defined whenever the collection ν satisfies a weak measure theoretic
condition called “atomicity”. Essentially any reasonable collection of sections satisfies this
condition, vastly extending the usual general position hypothesis. This current is a mod 2
d–closed locally integrally flat current of degree q = n − m + 1 and hence determines a Z2–
cohomology class. This class is shown to be well defined independent of the collection of
sections. Moreover it is the qth Stiefel–Whitney class of the vector bundle.
More is true if q is odd or q = n. In this case a linear dependency current which is twisted
by the orientation of the bundle can be associated to the collection ν. The mod 2 reduction
of this current is the mod 2 linear dependency current. The cohomology class of the linear
dependency current is 2-torsion and is the qth twisted integral Stiefel–Whitney class of the
bundle.
In addition, higher dependency and general degeneracy currents of bundle maps are studied,
together with applications to singularities of projections and maps.
These results rely on a theorem of Federer which states that the complex of integrally flat
currents mod p computes cohomology mod p. An alternate approach to Federer’s theorem is
offered in an appendix. This approach is simpler and is via sheaf theory.
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1. Introduction.
It is well known [BC,Pon,S,W] that the linear dependency set of a collection of sections
of a vector bundle is related to the characteristic classes of the bundle. In particular the
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zero set of a regular section defines a cohomology class which is the Chern-Euler class of
the bundle. In [HL3] canonically defined current representatives of the Chern classes of
a complex vector bundle were associated to collections of smooth sections of the bundle.
These currents are called linear dependency currents since they are supported on the linear
dependency set of the collection of sections.
The main aim of this paper is to study the linear dependency currents of a collection of
sections of a real vector bundle. These are either mod 2 or bundle-twisted currents which
represent either the mod 2 or twisted-integer Stiefel-Whitney classes of the bundle. Since
they are either mod 2 or 2-torsion these currents were overlooked in [HL3].
The linear dependency current associated with an ordered collection ν of sections of a
real vector bundle is defined in Section 3 paralleling a standard construction in enumerative
geometry (see for example [Por], [Fu]). In general the most one can say is that this linear
dependency current, LDmod2(ν), is a mod 2 current and that it determines a Z2-cohomology
class which is well defined independent of the particular collection of sections of the bundle,
(Theorem 3.15).
However if the degree of LDmod2(ν) is odd or equal to the rank of the bundle it is
also possible to define a (bundle-twisted) linear dependency current, LD(ν), which encodes
certain (twisted) integer multiplicities of dependency among the sections, (Proposition 3.17).
The mod 2 reduction of this current LD(ν) is the mod 2 current LDmod2(ν). The current
LD(ν) determines a (twisted) integer cohomology class well defined independent of the
choice of collection ν, (Theorem 3.7). If the degree of LD(ν) is less than the rank of the
bundle (which occurs when the collection consists of more than one section) this cohomology
class is a torsion class of order 2, (Corollary 3.9).
A major advantage of the approach taken here is that the linear dependency current
is defined whenever the collection ν satisfies a weak measure theoretic condition called
“atomicity”, which is vastly more general than the usual general position hypothesis. For
example, a real analytic collection of m sections of a rank n bundle is atomic provided that,
for all j ∈ {0, 1, ..., m− 1}, the codimension of the set of points over which exactly j of the
sections are linear independent is at least the expected codimension n− j, (see [HL3,2.14]).
Another important property of the (mod 2) linear dependency current is that it is a
(mod 2) locally integrally flat current. Recall that the integrally flat currents are those of
the form R + dS, where R and S are rectifiable. Federer [F] proved that the complex of
locally integrally flat currents (or such currents mod p) can be used to compute integer (or
mod p) cohomology. In the Appendix we offer an alternate approach to the theory of (mod
p) integrally flat currents and their cohomological properties. This simple approach is via
sheaf theory and is quite distinct from the form of the theory given in the literature.
The theory of dependency currents relies heavily on the theory of zero divisor currents
which was originally developed in [HS] for “atomic ”sections of an oriented vector bundle
over an oriented manifold. The notion of an atomic section provides a generalization of
the notion of a section being transverse to zero, one which is both useful and vastly more
general. The zero divisor is a d–closed locally integrally flat current which determines a
unique integer cohomology class, the Euler class. In this paper it is crucial that the notion
2
of a zero current be understood in the non–orientable case. This is done in Section 2 where
the zero divisor is defined as a bundle twisted current. This current determines a cohomology
class, (Theorem 2.5), which is the twisted Euler class, e˜ ∈ Hn(X, Z˜), of the vector bundle.
The reduction mod 2 of the zero divisor eliminates the twisting, yielding a mod 2 current
which represents the top Stiefel–Whitney class, wn ∈ Hn(X,Z2).
In Section 4 we identify the Z2–cohomology class of the degree q mod 2 current LD
mod2(ν)
as wq , the qth Stiefel–Whitney class of the bundle, (Theorem 4.1). Moreover, if q is odd,
the Z˜–class of the twisted current LD(ν) is identified as the qth twisted integral Stiefel–
Whitney class W˜q ∈ Hq(X, Z˜), (Theorem 4.10). This result is a corollary of the fact that
the Bockstein of the mod 2 dependency current LDmod2(ν) of degree q − 1 is the degree q
twisted dependency current associated with a subcollection of the collection ν, ( c.f. [W],
[St]).
The Stiefel–Whitney classes were originally defined ([S], [W], [St]) as the primary ob-
struction to the existence of certain collections of linearly independent sections of a bundle
F → X . In Section 5 we examine the relationship between linear dependency currents
and obstruction cocycles. Given a triangulation of X it is possible to choose a particular
atomic collection of sections of F so that the Steenrod obstruction cocycle of the collection
is defined. The Poincare´ dual of such a cocycle is a cycle which defines a current on X
by integration. We then show that this obstruction current is equal to the linear depen-
dency current of the particular collection of sections. Among other things, this provides an
alternate proof of the results of Section 4.
In Section 6 higher dependency currents and general degeneracy currents of vector bundle
maps are discussed, further expanding the results of [HL3]. Some of the degeneracy currents
studied in Section 6 were not included in [HL3] since they are either not defined as twisted
currents or their real cohomology class is zero. In these cases we can define mod 2 and/or
twisted degeneracy currents. The integer cohomology classes of the twisted degereracy
currents were first studied by Ronga [R] who proved that they are uniquely determined by
their torsion free part and mod 2 reduction. We expand upon Ronga’s result by explicitly
identifying the integer cohomology classes of the higher dependency currents as certain
polynomials in the integer Pontrjagin and Stiefel–Whitney classes, (Theorem 6.15).
In Section 7 applications of the theory to singularities of projections and maps are given.
In particular we recover the well know fact that the Steifel–Whitney classes of the tangent
bundle TX and normal bundle NX of a submanifold X ⊂ RN can be defined in terms of
singularities of projections. The original version of this result is due to [Pon], [T] (see also
[BMc]). Note however that they only consider generic projections whose critical sets are
non–degenerate, with multiplicity ±1. The atomic theory enables us to consider degenerate
critical sets of arbitrary integer multiplicity, (Proposition 3.17). In particular, if X is a
real analytic submanifold, the tangent and normal Stiefel–Whitney classes can be defined
in terms of the singularities of any projection whose degeneracy subvarieties have at least
the expected codimension. Integer and mod 2 cohomological obstructions to the existence
of smooth immersions and surjections between manifolds are also given, c.f. [R].
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Two further applications are worth noting. Following [HL3] we can define mod 2 and
twisted integer degeneracy currents associated with higher self intersections of plane fields
and invariants of pairs of foliations. Mod 2 and integer umbilic currents of hypersurfaces
can also be studied using these ideas. Details of these two applications are left to the reader.
Secondary (Cheeger-Chern-Simons) Stiefel-Whitney classes will be introduced in a later
paper. Canonical L1loc representatives of these classes will be associated to each atomic
collection of sections of a bundle with riemannian connection. In the case of a single section
α the secondary Euler class is represented by the Chern-Euler potential σ(α). As is discussed
in [HL1] this potential satisfies the important equation dσ(α) = χ − Div(α), where χ is
the Euler form and Div(α) the divisor of the section. If the collection ν consists of more
than one section then there is a canonical L1loc current T (ν), satisfying the current equation
dT (ν) = −LD(ν), which represents the appropriate secondary Stiefel-Whitney class. This
current equation is related to a formula of Eells, [E].
2. Divisors and atomicity.
Harvey and Semmes defined the zero divisor current of an atomic section of an oriented
real rank n vector bundle over an oriented manifold. The divisor is a codimension n current
which is supported on the zero set of the section and which encodes the integer multiplicity
of vanishing of the section. Furthermore it is a d–closed locally integrally flat current whose
cohomology class in Hn(X,Z) is well defined independent of the choice of section. This
class is the Euler class of the bundle.
The aim of this section is to define and study the zero divisor current in the case in which
neither the vector bundle nor the base manifold are assumed to be orientable. In this case
the zero divisor is defined to be a current which is twisted by the orientation bundle of the
vector bundle. It is also useful to define the mod 2 divisor to be the mod 2 reduction of the
divisor. Both of these notions of divisor will be important in the study of linear dependency
currents in Section 3.
We begin by recalling some definitions. Let V → X be a real rank n vector bundle over
an N -dimensional manifold. No orientation assumptions will be made on V or X . Let
OX and OV denote the principal Z2-bundles of orientations of TX and V over X . An O-
twisted k-form is a section of O⊗Z2 ΛkT ∗X → X . (Often the subscript Z2 will be dropped
when tensoring with O.) A density is a top degree smooth OX -twisted form on X . Note
that densities can be integrated over X . A generalized function is a continuous linear
functional on the space of compactly supported smooth densities on X . A current of degree
p is a differential p–form on X whose coefficients (with respect to each coordinate system)
are generalized functions. Equivalently, a degree p current is a continuous linear functional
on the space of compactly supported OX -twisted (N − p)–forms. Similarly an OV -twisted
current is an OV -twisted form whose coefficients are generalized functions, i.e. it acts
on OV ⊗ OX -twisted forms. An L1loc form is a form whose coefficients are L1loc functions.
Therefore L1loc forms are currents which are not twisted. On the other hand an oriented
compact submanifold of X defines an OX -twisted current by integrating (untwisted) forms
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over it. Note that exterior differentiation is a well defined operation on (twisted) currents.
On a contractable open subset U of X each OV –twisted current T˜ can be written in
the form T˜ = [e] ⊗ T where [e] ∈ OV is the orientation class of a local frame e for V over
U and where T is a current on U . If V is orientable each choice of orientation defines an
isomorphism between OV -twisted currents and currents. These two isomorphisms differ by
a minus sign. Note that the definition of a current on a non-orientable manifold agrees with
that given in [HL4] but disagrees with that in [Z1,2].
A. Divisors in the nonorientable case.
In this subsection we define and study the divisor of a section of V → X . The divisor is
defined to be an OV -twisted current. Note that, if V and X are oriented, the definition of
divisor given below agrees with that of [HS].
The solid angle kernel, θ, is the L1loc form on R
n obtained by pulling back the nor-
malized volume form on the unit sphere to Rn ∼ {0} by the radial projection map. The
current equation d θ = [0] on Rn, where [0] denotes the point mass at the origin, motivates
the definition of divisor.
Definition 2.1. Let X be a smooth manifold and let y = (y1, ..., yn) denote coordinates on
Rn. In the case n > 1 a smooth function u : X → Rn is called atomic if, for each form dyI|y|p
on Rn with p = |I| ≤ n− 1, the pullback u∗( dyI
|y|p
) to X has an L1loc(X) extension across the
zero set Z of u. Also assume that u does not vanish identically in any connected component
of its domain X . In the case n = 1 it is convenient to define a smooth function u : X → R
to be atomic if log |u| ∈ L1loc(X), (c.f. [HS]).
If u is atomic then the zero set Z has measure zero in X (see [HS]) so that the L1loc(X)
extensions are unique. In particular, the smooth form u∗(θ) on X ∼ Z has a unique L1loc(X)
extension across Z, and therefore defines a current on X .
Definition 2.2. Let u : X → Rn be an atomic function. The divisor of u is the degree n
current Div(u) on X defined by
Div(u) := d(u∗θ).
Atomicity is a weak condition which ensures the existence of a zero divisor. Harvey and
Semmes proved that a large class of smooth functions are atomic. More specifically those
functions which vanish algebraically and whose zero sets are not too big in the sense of
Minkowski content are atomic. In particular real analytic functions whose zero sets have
codimension n are atomic.
Lemma 2.3. Let g be a smooth GL(n,R)–valued function on an oriented manifold X and
let u : X → Rn be atomic. Then v := ug is atomic and
Div(v) = ±1 Div(u),
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where ±1 := sgn det(g) is constant on connected components of X.
This result of [HS] allows one to extend the notion of divisor to sections of vector bundles.
First, a section ν of a smooth vector bundle V → X is called atomic if for each choice of
local frame e for V the function v, defined by ν = ve, is atomic.
Definition 2.4. Let ν be an atomic section of a rank n bundle V → X . The divisor,
Div(ν), of ν is the OV –twisted current on X defined locally on an open subset U of X
as follows. Choose a local frame e for V over U and let v : U → Rn be the coordinate
expression for ν determined by e. Then
Div(ν) := [e]⊗Div(v) on U.
In particular, if V is oriented, then Div(ν) is a current on X .
As described in the Appendix the locally integrally flat currents are those currents
which can can expressed as R + dS where R and S are locally rectifiable. Furthermore the
complex F˜∗loc(X) of OV –twisted currents on X which are locally integrally flat may be used
to compute the cohomology, H∗(X, Z˜V ), of X with integer coefficients twisted by OV , i.e.
Z˜V := OV ⊗Z2 Z.
Theorem 2.5. Let ν be an atomic section of a real rank n vector bundle V → X. The zero
divisor, Div(ν) ∈ F˜nloc(X), of ν is an OV –twisted d–closed locally integrally flat current of
degree n on X, whose support is contained in the zero set of the section ν. Furthermore, if
µ is another atomic section of V , then there is an OV –twisted locally rectifiable current R
so that
(2.6) Div(ν) − Div(µ) = dR.
That is, the cohomology class of Div(ν) in Hn(X, Z˜V ) is well defined independent of the
choice of section ν. This class is the twisted Euler class e˜ of V . In particular, if V is
oriented, the Euler class e ∈ Hn(X,Z) of V is the cohomology class of Div(ν).
Corollary 2.7. Suppose that ν is an atomic section of an odd rank bundle V → X. Then
there is an OV –twisted locally rectifiable current R on X so that
2 Div(ν) = dR.
Consequently the cohomology class e˜ ∈ Hn(X, Z˜V ) of Div(ν) is a torsion class of order 2,
(c.f. [MS]).
Proof of Corollary. Since the antipodal map on the even dimensional sphere Sn−1 is ori-
entation reversing, Div(−ν) = − Div(ν). The result now follows by applying equation
(2.6). 
The proof of Theorem 2.5 relies on the following general remark.
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Remark 2.8. Let p : X˜ → X denote the double cover OV → X . Note that the pullback
bundle V˜ = p∗V on X˜ is oriented by choosing the orientation on V˜x˜ to be the one determined
by the point x˜ ∈ X˜. A current T on X˜ is odd if a∗T = −T , where a : X˜ → X˜ is the
natural involution. Then odd currents on X˜ are in 1–1 correspondence with OV –twisted
currents on X .
Proof of Theorem 2.5. The proof in the case that V is oriented is given in [HS,5.1]. In the
case that V is nonorientable let p : X˜ → X be the double cover of Remark 2.8 and let ν˜
denote the pullback of the section ν to V˜ → X˜. Since V˜ is oriented the theorem holds for the
section ν˜. Furthermore, by Lemma 2.3, Div(ν˜) is an odd current on X˜ which corresponds
to the OV –twisted current Div(ν) on X . Incorporating the double cover p : X˜ → X into
the proof of [HS, 5.1] we observe that the locally rectifiable current R˜ on X˜ can be chosen
to be odd. Finally we let R be the corresponding OV –twisted current on X . 
The following structure theorem for divisors, which is a corollary of [HS,4.3], is proved in
[Z1]. Set Z := Zero(ν) and let
RegZ = {x ∈ X : Z is a codimension–n C1 submanifold near x}
denote the set of regular points of Z and let SingZ := Z ∼ RegZ denote the set of singular
points. Let {Zj} denote the family of connected components of RegZ.
Theorem 2.9. Let ν be an atomic section of V → X. If Zj ⊂ spt(Div(ν)), then
OTZj ∼= OV ⊗OX
∣∣
Zj
,
and, given such an isomorphism, the submanifold Zj defines an OV –twisted current [Zj] by
integration. Furthermore, there are integers nj ∈ Z such that
(2.10) Div(ν) =
∑
nj [Zj]
as OV –twisted currents on X ∼ SingZ.
Remark 2.11. By [HS, 4.3], the integers nj in equation (2.10) can be calculated as follows.
Let x ∈ Zj and let U be an open neighbourhood of x in X . Choose orientations for V and
TX over U . These orientations induce orientations on TZj and on the normal bundle NZj
over U . Let ρ : S(V ) → S(Rn) be an orientation preserving trivialization of the sphere
bundle S(V ) over U . Then, for almost all x ∈ Zj ,
nj = Deg (ρ ◦ ν : S(NxZj)→ S(Rn))
is the degree of the induced map between oriented (n− 1)–spheres.
7
B. Mod 2 divisors.
In this subsection the mod 2 divisor of an atomic section is defined to be the mod 2
reduction of the divisor of the section. The mod 2 reduction of an OV –twisted locally
integrally flat current is a mod 2 locally integrally flat current. At the cohomology level
mod 2 reduction is simply the natural mapping H∗(X, Z˜V )→ H∗(X,Z2). The idea behind
the definition of a mod 2 current is to completely ignore orientation issues by declaring a
current T and its negative −T to be the same. Although they encode less information than
their twisted counterparts, mod 2 currents have the advantage that they pushforward under
proper smooth maps. This fact will be particularly useful in Section 3.
Definition 2.12. Let Fploc(X) denote the space of locally integrally flat currents of de-
gree p on X . Then the space Fmod2loc (X) of mod 2 locally integrally flat currents
of degree p on X is defined to be the quotient Fploc(X)/2Fploc(X). The natural mapping
Floc(X)→ Fmod 2loc (X) is called mod 2 reduction.
The spaces Floc(X) and Fmod 2loc (X) are studied in the Appendix. In particular we show
there that the complex Fmod 2loc (X) may be used to compute the cohomology, H∗(X,Z2), of
X with Z2 coefficients. In Subsection A we saw that Div(ν) ∈ F˜nloc(X) is an OV –twisted
locally integrally flat current. Now, by Lemma A.13, there is a canonical isomorphism
(2.13) F˜loc(X)
/
2F˜loc(X) ∼= Fmod2loc (X).
The induced mapping F˜loc(X)→ Fmod 2loc (X) is also called mod 2 reduction.
Definition 2.14. The mod 2 divisor, Divmod 2(ν) ∈ Fmod2loc (X), of an atomic section ν
of V → X is defined to be the mod 2 reduction of the OV –twisted current Div(ν) ∈ F˜loc(X).
Now the mod 2 version of Theorem 2.5 is immediate.
Theorem 2.15. Let ν be an atomic section of a real rank n vector bundle V → X. The
mod 2 divisor, Divmod2(ν), is a d–closed mod 2 locally integrally flat current of degree n on
X, whose support is contained in the zero set of the section ν. Furthermore, if µ is another
atomic section of V , then there is a mod 2 locally rectifiable current R so that
Divmod2(ν) − Divmod2(µ) = dR.
That is, the cohomology class of Divmod2(ν) in Hn(X,Z2) is well defined independent of the
choice of section ν. This class is the mod 2 Euler (or top Stiefel-Whitney) class, wn, of V .
Remark 2.16. By definition the divisor Div(ν) ∈ F˜loc(X) is determined by a collection
of local divisors Div(vα) defined on open subsets Uα of X . These local divisors satisfy
Div(vα) = ±Div(vβ) on Uα ∩ Uβ . The mod 2 divisor Divmod 2(ν) is the mod 2 current
which is naturally associated to this collection of local divisors.
8
Example 2.17. In general a current representative for a mod 2 divisor is not d–closed. In
fact it is easy to construct sections ν for which there are no d–closed current representatives
T ∈ Floc(X) of Divmod 2(ν), (though of course Div(ν) is a d-closed OV -twisted current
representative of Divmod2(ν)). This can be done as follows.
Let ν be an atomic section of a nontrivial real line bundle L→ X . Choose a metric on L.
Then the divisor of ν is the d–closed OL–twisted current Div(ν) = d( 12 ν|ν|) ∈ F˜1loc(X). The
mod 2 reduction of Div(ν) is the mod 2 divisor Divmod2(ν) which represents the first Stiefel–
Whitney class w1(L) ∈ H1(X,Z2). A current representative T ∈ F1loc(X) of Divmod 2(ν)
can be constructed as follows. For simplicity we assume that 0 is a regular value of ν.
Let Z = Zero(ν). Choose an auxillary section µ of L → X so that W = Zero(µ) is a
submanifold which is transverse to Z. Let p : X˜ → X be the double cover orienting L and
let ν˜, µ˜ : X˜ → R be the pullbacks of the sections ν, µ. Set χ := µ˜|µ˜| . Now χDiv(ν˜) ∈ F1loc(X˜)
is well defined and T := 12p∗(χDiv(ν˜)) ∈ F1loc(X) is a current on X whose mod 2 reduction
is Divmod 2(ν). Finally dT = 2[Z ∩W ] 6= 0 on X .
Next suppose that S = T−2R is a current representative of Divmod 2(ν) for which dS = 0.
This forces [Z ∩W ] = dR to be zero in H2(X,Z). But this is not always the possible, since
if L → RP3 is the tautological line bundle then [Z ∩W ] can be chosen to be the generator
RP1 of H2(X,Z) ∼= H1(X,Z) = Z2.
3. Linear dependency currents.
In this section we associate to each atomic collection ν of n− q+1 sections of a real rank
n bundle F → X a degree q current on X which is supported on the linear dependency set
of the collection of sections. This current will be called the linear dependency current
of the collection ν. In all cases the linear dependency current exists as a mod 2 current.
However, in the case where q is odd or where q = n, it can also be defined to be an OF –
twisted current. Note that if q = n the linear dependency current is simply the divisor of
the section ν, (see Section 2). Henceforth we assume that q < n.
The linear dependency currents are defined using the construction of such currents in
[HL3] which we now briefly recall. Let F → X be a real rank n vector bundle. Fix
q ∈ {1, 2, ..., n− 1} and let ν = (ν1, ..., νm) be a collection of m = n − q + 1 > 1 sections
of F → X . (Such collections will always be ordered.) These sections define a bundle
map ν : Rm → F by ν(t1, ..., tm) :=
m∑
i=1
tiνi which drops rank on the set where ν1, ..., νm are
linearly dependent. Let π : P(Rm)→ X denote the trivial bundle of (m−1)–dimensional real
projective spaces and let U ⊂ Rm be the tautological line bundle over P(Rm). Using π to pull
back the bundle map ν : Rm → F to P(Rm) and then restricting to the subbundle U ⊂ Rm
we obtain an induced section ν˜ of the bundleH := Hom(U, π∗F ) over P(Rm) ≡ P(Rm)×X .
By construction the projection by π to X of the zero set of ν˜ is the linear dependency set
of ν1, ..., νm.
Definition 3.1. The collection ν of sections ν1, ..., νm is called atomic if the induced sec-
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tion ν˜ of H → P(Rm) is atomic.
If the collection ν is atomic, then the OH–twisted divisor current, Div(ν˜), and its mod 2
reduction, Divmod 2(ν˜), are well defined. The linear dependency current is defined to be the
current pushforward of Divmod 2(ν˜), or whenever possible the pushforward of Div(ν˜).
Generally speaking it is not possible to pushforward twisted currents on P(Rm) × X
to X by the projection π. However the pushforward by π of an OP(Rm) ⊗ π∗OF –twisted
current on P(Rm)×X is well defined and is an OF –twisted current on X . This observation
together with the following elementary lemma will be used to determine when it is possible
to pushforward the OH–twisted current Div(ν˜).
Lemma 3.2. If n ≡ m mod 2 then there is a canonical isomorphism
OH ∼= OP(Rm) ⊗ π∗OF .
Proof. First recall that if V and W are oriented finite dimensional vector spaces then there
is a canonical choice of orientation on V ⊗W . Furthermore if the dimension ofW is even this
choice is independent of the orientation on V and so there is a canonical isomorphism OW ∼=
OV⊗W . The canonical choice of orientation on V ⊗W is defined as follows. Choose ordered
bases v = (v1, ...vp) and w = (w1, ..., wq) for V and W . Then the canonical orientation on
V ⊗W is given by the ordered basis
(3.3) v ⊗ w = (v1 ⊗ w1, v2 ⊗ w1, ..., vp ⊗ w1, v1 ⊗ w2, ...vp ⊗ w2, ..., vp ⊗ wq).
Secondly recall [MS] that there is a canonical vector bundle isomorphism U∗ ⊗ U⊥ ∼=
TP(Rm), where U⊥ denotes the orthogonal complement of U in Rm.
So if n andm are both even, then the result is true since there are canonical isomorphisms
OH ∼= Oπ∗F (as n is even) and OP(Rm) = OU∗⊗U⊥ ∼= R. Here the last isomorphism is well
defined by sending [u∗⊗u⊥] to 1, where u⊥ is chosen so that (u, u⊥) is a positively oriented
frame for U ⊕ U⊥ = Rm. Similarly if n and m are both odd then OH ∼= OU∗ ⊗ Oπ∗F and
since m− 1 is even OU∗ ∼= OU∗⊗U⊥ = OP(Rm), as required. 
A. Linear dependency currents (q odd).
Throughout this subsection we assume that q < n is odd and hence m ≡ n (mod 2).
Then, by Lemma 3.2, the pushforward by π of the OP(Rm) ⊗ π∗OF -twisted current Div(ν˜)
on P(Rm)×X exists and is an OF -twisted current on X .
Definition 3.4. Let q be odd. The linear dependency current, LD(ν), of an atomic
collection ν of n− q + 1 sections of F → X is the OF -twisted current on X defined by
LD(ν) := π∗(Div(ν˜)).
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Remark 3.5. The following equivalent definition of the linear dependency current is often
useful, especially when n and m are both odd as in this case the fibres Hom(U, Fx) and
P(Rm)x are nonorientable. Let p : S(R
m)→ P(Rm) be the double cover by the unit sphere
and let ρ := π ◦ p : S(Rm) → X . Let NS(Rm) denote the normal bundle to S(Rm) in
R
m, with its canonical orientation. Then, as above, there is associated to the collection ν
a section ν̂ of the bundle Ĥ := Hom(NS(Rm), ρ∗F ) over S(Rm). Note that the sections ν̂
and ν˜ are simultaneously atomic. As above there is a canonical isomorphism OĤ ∼= ρ∗OF .
Consequently Div(ν̂) is a well defined ρ∗OF –twisted current on S(Rm). Then, if q is odd,
we have that
(3.6) LD(ν) = 12 ρ∗(Div(ν̂)).
We verify (3.6) as follows. First note that Ĥ = p∗H and that ν̂ = p∗ν˜. Since n ≡ m
(mod 2), the ρ∗OF –twisted current Div(p∗ν˜) is even in that
a∗Div(p
∗ν˜) = Div(p∗ν˜) on S(Rm),
where a : S(Rm) → S(Rm) is the antipodal map. Now even currents on S(Rm) are in 1–1
correspondence with OP(Rm)–twisted currents on P(Rm). In particular, if q is odd,
Div(ν˜) = 12 p∗(Div(p
∗ν˜)) on P(Rm).
This fact immediately implies (3.6). Note that, if q is even, then Div(p∗ν˜) is an odd twisted
current on S(Rm) and so its current pushforward is zero. In general odd currents on S(Rm)
are in 1–1 correspondence with OU ⊗OP(Rm)–twisted currents on P(Rm), see [Z2].
The following result generalizes Theorem 2.5.
Theorem 3.7. Let F → X be a real rank n bundle and let q be odd. For each atomic
collection ν of n− q+1 sections of F → X the linear dependency current LD(ν) is an OF –
twisted d–closed locally integrally flat current of degree q on X whose support is contained in
the linear dependency set of the collection of sections. Furthermore, if µ is another atomic
collection of sections of F → X, then there is an OF –twisted locally rectifiable current R so
that
LD(ν) − LD(µ) = dR.
That is, the cohomology class of LD(ν) in Hq(X, Z˜F ) is well defined independent of the
choice of sections.
Proof. Since the pushforward of a locally rectifiable current is locally rectifiable the current
LD(ν) inherits its properties from those of the divisor of the induced section ν˜ (see Theorem
2.5). 
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Note. In the next section the cohomology class of LD(ν) is shown to be W˜q ∈ Hq(X, Z˜F ),
the (twisted) integer Stiefel–Whitney class of F , whose mod 2 reduction is the standard
Stiefel–Whitney class wq ∈ Hq(X,Z2) of F .
Proposition 3.8. Let ν : Rm → F be as above and let ψ : Rm → Rm and ϕ : F → F
be bundle isomorphisms. Then the collection of sections corresponding to the bundle map
ϕ ◦ ν ◦ ψ : Rm → F is also atomic. Furthermore, if q is odd,
LD(ϕ ◦ ν ◦ ψ) = sgn det(ψ) sgn det(ϕ)LD(ν),
as OF –twisted currents on X.
The proof of the proposition will be given at the end of this subsection. The following
result generalizes Corollary 2.7.
Corollary 3.9. Under the same hypothesis as in Theorem 3.7, with q < n, there is an
OF –twisted locally rectifiable current R on X so that
2LD(ν) = dR.
Consequently the cohomology class W˜q of LD(ν) in H
q(X, Z˜F ) is a torsion class of order 2.
Proof of Corollary. Define ψ : Rm → Rm by ψ(t1, ..., tm) = (−t1, t2, ..., tm) and let µ :=
ν ◦ψ. Then, by Proposition 3.8, LD(µ) = −LD(ν). The result now follows from Theorem
3.7. For an alternate proof see Theorem 4.10. 
Next we study the case q = 1 in more detail.
Remark 3.10. Let ORF := OF ⊗Z2 R denote the orientation line bundle of F . The divisor
Div(σ) = d( 12
σ
|σ|) of an atomic section σ of ORF is called the orientation current of F
associated with σ. Note that Div(σ) is an OF –twisted current whose cohomology class in
H1(X, Z˜F ) is W˜1.
To each collection ν of n sections of a rank n bundle F there is an associated section σ
of ORF well defined as follows. Choose a local frame f for F and let A be the matrix defined
by ν = Af . Then σ := [f ]⊗ detA.
Proposition 3.11. The case q = 1. Let ν be an atomic collection of n sections of a rank
n bundle F . Suppose that the associated section σ of ORF is also atomic. Then
LD(ν) = Div(σ)
as OF –twisted currents on X.
Proof. Choose a local frame f for F and define A by ν = Af . Then the local expression for
the induced section ν̂ of ρ : Hom(NS(Rn), ρ∗F )→ S(Rn) is the mapping ψ : X × S(Rn)→
12
Rn defined by ψ(x, y) = yA(x). Let θ denote the normalized solid angle kernel on Rn. Now,
by the Change of Variables and Stokes’ Theorems,∫
ρ−1(x)
ψ∗θ =
detA(x)
| detA(x)| for each x /∈ Zero(detA).
This implies the Proposition since Div(σ) = [f ]⊗d
(
1
2
detA
| detA|
)
and LD(ν) = [f ]⊗ 12ρ∗(dψ∗θ)).

Proof of Proposition 3.8. By (3.6) it suffices to show that
(3.12) Div(ϕ̂ ◦ ν) = sgn det(ϕ) Div(ν̂) on S(Rm)
and, if q is odd, that
(3.13) Ψ∗Div(ν̂ ◦ ψ) = sgn det(ψ) Div(ν̂), on S(Rm),
where Ψ : S(Rm) → S(Rm) is the diffeomorphism induced by ψ. Now since ϕ̂ ◦ ν =
ϕ ◦ ν̂, (3.12) follows from Lemma 2.3. To prove (3.13) let µ = ν ◦ ψ and note that the
pullback of the section ν̂ of Ĥ by Ψ is a section Ψ∗ν̂ of Ψ∗Ĥ = Hom(Ψ∗NS(Rm), ρ∗F ). Let
ψ∗ : Hom(Ψ∗NS(Rm), ρ∗F )→ Hom(NS(Rm), ρ∗F ) be the bundle isomorphism defined by
ψ∗(α) := α ◦ ψ. Then
µ̂ = ψ∗ (Ψ∗ν̂).
Clearly ν̂, Ψ∗ν̂ and µ̂ are simultaneously atomic. Since equation (3.13) is local on X we
can assume that F and X are oriented. Then µ̂ and ν̂ are sections of the oriented bundle
Ĥ over the oriented manifold S(Rm). Furthermore since q is odd the orientation induced
on Ψ∗Ĥ by the diffeomorphism Ψ is the same as that induced by the bundle isomorphism
ψ∗. Equation (3.13) now follows immediately by applying Lemma 2.3 to ψ, the Change of
Variables Theorem to Ψ, and noting that sgn det(DΨ) = sgn det(ψ). 
B. Mod 2 linear dependency currents.
Since mod 2 currents can always be pushed forward by proper maps we can define the
mod 2 linear dependency current for an even as well as an odd number of sections.
Definition 3.14. Suppose 1 ≤ q ≤ n. The mod 2 linear dependency current,
LDmod 2(ν), of an atomic collection ν of m = n − q + 1 sections of F → X is defined
to be the current pushforward of the mod 2 divisor of the induced section ν˜ of H → P(Rm),
LDmod2(ν) := π∗(Div
mod 2(ν˜)).
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Note. If q is odd or q = n the mod 2 linear dependency current, LDmod 2(ν), is the mod 2
reduction of the OF –twisted linear dependency current, LD(ν).
The mod 2 analogues of Theorem 3.7 and Proposition 3.8 hold. In particular
Theorem 3.15. For each atomic collection ν of n− q + 1 sections of a real rank n bundle
F → X the linear dependency current LDmod2(ν) is a d–closed mod 2 locally integrally flat
current of degree q on X whose support is contained in the linear dependency set of the
collection of sections. Furthermore, if µ is another atomic collection of sections of F → X,
then there is a mod 2 locally rectifiable current R so that
LD(ν)mod2 − LDmod2(µ) = dR.
That is, the cohomology class of LDmod2(ν) in Hq(X,Z2) is well defined independent of the
choice of sections.
Note. In the next section the cohomology class of LDmod 2(ν) is shown to be wq(F ) ∈
Hq(X,Z2), the qth Steifel–Whitney class of F .
C. The structure of linear dependency currents.
The following result concerning the structure of the twisted linear dependency current
builds on Proposition 2.8 of [HL] and Theorem 2.9 above. Let q be odd and let ν be an
atomic collection of m = n − q + 1 sections of F → X . Suppose that the zero set, Z(ν˜), of
ν˜ is a smooth submanifold of P(Rm) × X . Let {Zj} denote the connected components of
Z(ν˜). Then, by Theorem 2.9, there are integers nj ∈ Z so that
(3.16) Div(ν˜) =
∑
nj[Zj ]
as OP(Rm) ⊗ π∗OF –twisted currents on P(Rm). By [HL, 2.8], the subset
RKm−1(ν) := {x ∈ X : rank νx = m− 1}
of the linear dependency set of ν is a locally rectifiable set. Let RKj := RKm−1(ν)∩π(Zj).
If nj 6= 0 then
OTRKj ∼= OF ⊗OX
∣∣
RKj
(wherever it makes sense) and, given an isomorphism of these two bundles, RKj defines an
OF –twisted current [RKj] by integration. Arguing as in the proof of [HL, 2.8] it follows
that π∗[Zj ] = [RKj]. Consequently we have the following
Proposition 3.17. Let ν be as above. Then
LD(ν) =
∑
nj[RKj]
as OF –twisted currents on X, where the integers nj are given by (3.16).
Next we examine the structure of the twisted and mod 2 linear dependency currents in
the case that m− 1 of the m sections are everywhere linearly independent.
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Theorem 3.18. Let µ1, ..., µm be a collection of m = n−q+1 sections of F → X. Suppose
that µ1, ..., µm−1 are everywhere linearly independent. Choose a metric on F and let µ
⊥
m
denote the projection of µm onto the orthogonal complement of µ1, ..., µm−1 in F . Then µ
⊥
m
is atomic if and only if the induced section µ˜ of H → P(Rm) is atomic. Furthermore, if q
is odd, then
(3.19) LD(µ) = Div(µ⊥m) as OF –twisted currents on X,
and, for any q,
(3.20) LDmod 2(µ) = Divmod 2(µ⊥m) as mod 2 currents on X.
Proof. We present the proof in the twisted case. The mod 2 case follows similarly. The first
step is to choose local coordinates and frames and to relate the local coordinate expression
for the induced section µ˜ of H → X × P(Rm) to that of the section µ⊥m.
First note that the linear dependency set of µ1, ...µm is equal to the zero set Z(µ
⊥
m) of
µ⊥m. Fix a point x0 ∈ Z(µ⊥m) and let U be a sufficiently small open neighbourhood of x0
in X . Choosing orientations for TX and F over U we can regard LD(µ) and Div(µ⊥m) as
currents on U . Now, since µ1, ..., µm−1 are linearly independent, there is precisely one point
x˜ of the zero set Z(µ˜) of µ˜ in X × P(Rm) lying over each point x of Z(µ⊥m) in X . Let
W ⊂ π−1(U) be a sufficiently small open neighbourhood of x˜0 in X×P(Rm) which contains
Z(µ˜) ∩ π−1(U).
Choose the coordinate chart ψ : Rm−1 → P(Rm) defined by ψ(s) = [s, 1] and the local
frame u for U → P(Rm) over ψ(Rm−1) defined by u(s) = (s, 1) ∈ U[s,1] ⊂ Rm. Note
that the orientations induced on TP(Rm) and U by ψ and u are compatible and that
W ⊂ ψ(Rm−1) × U since µ1, ..., µm−1 are linearly independent on U . Also note that the
orientations on U and F induce a natural orientation on H over W.
Choose a positively oriented local frame f1, ..., fn for F over U so that fi = µi for
1 ≤ i ≤ m− 1 and fi⊥ Span{f1, ..., fm−1} for i > m− 1. Define ai : U → R by
µm =
n∑
i=1
aifi.
Let a′ = (a1, ..., am−1) and a
′′ = (am, ..., an).
Then the local coordinate expression for µ⊥m in terms of the local frame fm, ..., fn is
a′′ : U → Rq and the coordinate expression for µ˜ in terms of the frames u, f is (a′′, s+ a′) :
U × Rm−1 → Rn. These two coordinate expressions can be related as follows. Let Ψ : U ×
Rm−1 → U×Rm−1 be the orientation preserving change of variables Ψ(x, s) = (x, s+a′(x))
and let Id : Rm−1 → Rm−1 denote the identity map. Then
(a′′, s+ a′) = (a′′ × Id) ◦Ψ.
By the Change of Variables Theorem and Lemma 3.21 below it follows that π∗(Div(µ˜)) =
Div(µ⊥m) as required. 
The following elementary fact about divisors is included for the sake of completeness.
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Lemma 3.21. Let X be an oriented manifold and f : X → Rn a smooth map. Let Id :
Rm → Rm be the identity map and let π : X × Rm → X denote projection onto X. Then
f is atomic if and only if f × Id is atomic. Furthermore, if X × Rm is given the induced
orientation, then
π∗(Div(f × Id)) = Div(f).
Proof. By induction we may assume that m = 1. Let t denote the coordinate on R. First,
dtdfI
|(t,f)|p+1
∈ L1loc(X × R) for p = |I| ≤ n − 1 iff log |v| ∈ L1loc(X) in case p = 0, and iff
dfI
|f |p ∈ L1loc(X) in case p > 0. This is because
∫
|t|<R
dt
(|t|+ |f |)p+1 =
2
|f |p
R/|f |∫
0
ds
(s+ 1)p+1
.
Of course df
I
|(t,f)|p is dominated by
dfI
|f |p . Consequently f × Id is atomic if and only if f is
atomic.
Let θn denote the normalized solid angle kernel on R
n, and recall that Div(f) = d(f∗θn)
where d is exterior differentiation of generalized forms. Let ∂S denote the boundary of a
current S. Then dS = (−1)k+1∂S, where k = deg S. Consequently π∗d = −dπ∗. Therefore
it suffices to show that
π∗ ((f × Id)∗θn+1) = −f∗θn.
Let ωn = Vol(S
n−1) and λ(f) = df1 ∧ ... ∧ dfn. Then
(f × Id)∗θn+1 = 1
ωn
t λ(f)
(t2 + |f |2)n/2 −
ωn−1
ωn
|f |n−1dt
(t2 + |f |2)n/2 f
∗θn.
Now, since the pushforward of (f × Id)∗θn+1 by π is equal to the integral of (f × Id)∗θn+1
over the fibres of π,
π∗ ((f × Id)∗θn+1) = − ωn−1
ωn
∞∫
−∞
|f |n−1dt
(t2 + |f |2)n/2 f
∗θn
= − 2ωn−1
ωn
π/2∫
0
cosn−2 t dt f∗θn = − f∗θn,
as required. 
4. Stiefel–Whitney currents.
The purpose of this section is to identify the cohomology class of a linear dependency
current. First we consider the mod 2 case, and recall from Example 10 of the Appendix
that Z2 cohomology can be computed using mod 2 integrally flat currents, Fmod 2loc (X).
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Theorem 4.1. Given an atomic collection ν1, ..., νm of m = n−q+1 sections of a real rank
n vector bundle F over X the mod 2 linear dependency current LDmod 2(ν) ∈ Fmod2loc (X)
represents the qth Stiefel–Whitney class wq(F ) ∈ Hq(X,Z2).
Before proving this result we note that the analogue of a theorem of Bott for complex
vector bundles and Chern classes is valid for real vector bundles and Stiefel–Whitney classes.
Let w(E) := 1 + w1(E) + ...+ wm(E) denote the total Stiefel–Whitney class of a real rank
m bundle E over X . Let U denote the universal line bundle on the projectivization P(E),
and let a := w1(U) ∈ H1(P(E),Z2) denote the first Stiefel–Whitney class of U on P(E). Let
π : P(E)→ X denote the natural projection, and let π∗ : Hq+m−1(P(E),Z2) → Hq(X,Z2)
denote the induced map.
Lemma 4.2.
π∗
(
(1 + a)−1
)
= w(E)−1.
Proof. Choose an inner product for E. Let E denote the pullback of the bundle E to P(E),
and let U⊥ denote the orthogonal bundle to U ⊂ E. The product formula for Stiefel–
Whitney classes implies that
(4.3) w(E) = w(U)w(U⊥)
so that
(4.4) w(U)−1 = w(E)−1 w(U⊥).
Since the fibre dimension of P(E) is m− 1,
(4.5) π∗(wj(U
⊥)) = 0 if j < m− 1.
Therefore, π∗(w(U
⊥)) = π∗(wm−1(U
⊥)). It remains to show that
(4.6) π∗(wm−1(U
⊥)) = 1.
First note that H0(X,Z2) = Z2 for X connected. One can verify (4.6) by choosing a section
α of U⊥ and computing that π∗(Div(α)) 6= 0 mod 2. (Note that Div(α) represents the mod
2 Euler class of U⊥ which is equal to the top Stiefel–Whitney class, wm−1(U
⊥).)
An alternate proof of (4.6) can be given as follows. Equations (4.4) and (4.5) imply that
π∗(wm−1(U
⊥)) = π∗(a
m−1). Using the standard fact that if a is the nonzero element of
H1(P(Rm),Z2) then a
m−1 is the non–zero element of Hm−1(P(Rm),Z2) we conclude that
π∗(a
m−1) = 1. 
We only need Lemma 4.2 in the special case that E = Rm is trivial.
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Corollary 4.7. Consider the tautological line bundle U on P(Rm). Then
π∗(w1(U))
j = 0 if j 6= m− 1
and
π∗(w1(U))
m−1 = 1.
Proof of Theorem 4.1. As in Section 3, let ν : Rm → F denote the bundle map corresponding
to the sections ν1, ..., νm. Let ν : R
m → F denote the pullback of ν to the projectivization
P(Rm). Let ν˜ denote the restriction of ν to the tautological line bundle U ⊂ Rm. Then,
considering Divmod2(ν˜) ∈ Fmod2loc (P(Rm)) as a mod 2 current, the linear dependency current
is defined to be the current pushforward
LDmod 2(ν) := π∗(Div
mod 2(ν˜)) ∈ Fmod2loc (X).
Now, by Remark 2.17, the mod 2 divisor Divmod 2(ν˜) represents the top Stiefel-Whitney
class of H := Hom(U,F) over P(Rm). The standard formula for the Stiefel–Whitney classes
of a tensor product (see [MS]) says that
wn(H) = wn(U
∗ ⊗F) =
n∑
j=0
wn−j(F) (w1(U))
j.
So, by Corollary 4.7, π∗(wn(H)) = wn−m+1(F ). Therefore LD
mod 2(ν) represents wq(F ) as
desired. 
Now we consider the case that q is odd and identify the cohomology class of the OF –
twisted current LD(ν) ∈ F˜loc(X) in Hq(X, Z˜), where Z˜ = Z˜F := OF ⊗Z2 Z. Consider the
short exact triple 0→ Z˜ 2→ Z˜→ Z2 → 0 and the induced long exact sequence
(4.8) · · · → Hq−1(X,Z2) β→ Hq(X, Z˜) 2→ Hq(X, Z˜) ρ→ Hq(X,Z2)→ . . . .
Define the qth Z˜–Stiefel–Whitney class W˜q ∈ Hq(X, Z˜) to be the Bockstein of wq−1,
(4.9) W˜q := β(wq−1).
Recall from Example 7 of the Appendix that Z˜–cohomology can be computed using OF –
twisted integrally flat currents, F˜loc(X).
Theorem 4.10. (q odd). Given an atomic collection ν of m = n− q+1 sections of a real
vector bundle F → X the linear dependency current LD(ν) represents the qth Z˜–Stiefel–
Whitney class, W˜q(F ) ∈ Hq(X, Z˜), of the bundle F . Moreover, the mod 2 reduction of W˜q
equals wq, i.e. ρ(W˜q) = wq. Hence S˜q
1
:= ρ ◦ β maps wq−1 to wq for q odd.
Proof. A representative for W˜q(F ) can be computed as follows. Choose an atomic collection
µ = (µ1, ..., µm+1) of m + 1 = m − (q − 1) + 1 sections. By Theorem 4.1, the mod 2 linear
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dependency current LDmod2(µ) ∈ Fmod 2loc (X) represents the (q−1)th Stiefel–Whitney class
wq−1(F ) ∈ Hq−1(X,Z2). Choose an OF –twisted current representative T ∈ F˜loc(X) of the
mod 2 current LDmod 2(µ). Then, by the definition of β, the current 1
2
dT represents W˜q(F ).
Suppose that the subcollection η = (µ1, ..., µm) is atomic and that µ satisfies two addi-
tional assumptions described below. Then it is possible to choose T so that
(4.11) 12dT = LD(η) on X.
Consequently LD(η) represents W˜q(F ). The Theorem now follows from Theorem 3.7. Also
note that, since the mod 2 reduction of LD(η) is LDmod 2(η), Theorem 4.1 implies that
ρ(W˜q) = wq.
The OF -twisted current T representing LDmod2(µ) can be chosen as follows. Firstly, if
q = 1 define T to be the OF –twisted generalized function T := σ|σ| , where σ is the section
of ORF associated to η (c.f. Remark 3.10). In this case (4.11) is simply a restatement
of Proposition 3.11. Secondly, if q > 1 is odd, T is defined as follows. Let µ̂ be the
induced section of the rank n bundle Ĥ = Hom(NS(Rm+1), ρ∗F ) over S(Rm+1). Embed
R
m →֒ Rm+1 = Rm ⊕ R and let t be the coordinate on R. Set χ := t
|t|
∈ L∞loc(S(Rm+1))
and let p : S(Rm+1) → P(Rm+1) and π : P(Rm+1) → X denote the projection maps.
Assume that the current Div(µ̂) on S(Rm+1) has locally finite mass. Then Div(µ̂) is an
odd locally rectifiable OF –twisted current on S(Rm) and so χDiv(µ̂) is a well defined even
OF –twisted flat current on S(Rm+1). Let T˜ := 12p∗(χDiv(µ̂)) be the corresponding OP(Rm)-
twisted current on P(Rm+1). Since the mod 2 reduction of T˜ is Divmod 2(µ˜) its pushforward
T := π∗T˜ is an OF –twisted current on X whose mod 2 reduction is Divmod 2(µ).
Next we verify that equation (4.11) holds for this choice of T . Suppose that the codi-
mension n− 1 Hausdorff measure of Zero(η̂) is zero. Then, since η̂ = µ̂ ∣∣
S(Rm)
, Lemma 4.12
below implies that
d(χDiv(µ̂)) = 2i∗Div(η̂) on S(R
m+1),
where i : S(Rm) →֒ S(Rm+1) is the inclusion map. Finally, by (3.6), this equation pushes
forward to give equation (4.11) on X . 
Lemma 4.12. Let u : X × R → Rn be atomic and suppose that Div(u) has locally finite
mass. Suppose that the function v : X → Rn defined by v(x) = u(x, 0) is atomic and that the
codimension n − 1 Hausdorff measure of Zero(v) in X is zero. Let t denote the coordinate
on R and define i : X →֒ X × R by i(x) = (x, 0). Then
(4.13) d
(
t
|t| Div(u)
)
= 2i∗Div(v) on X × R.
Proof. Let θ denote the solid angle kernel on Rn. First note that, since i∗d = − di∗, equation
(4.13) is the exterior derivative of the degree n current equation
d
(
t
|t| u
∗θ
)
= t|t| Div(u) + 2i∗(v
∗θ) on X × R.
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To verify this equation we argue as follows. Firstly, the equation holds on (X × R) ∼
(Zero(v) × {0}) since it is true if t 6= 0, and if t = 0 and x /∈ Zero(v) then d( t
|t|
u∗θ) =
2[X ] u∗θ = 2i∗(v
∗θ). Finally, since the codimension n Hausdorff measure of Zero(v) in
X × R is zero, the Federer Support Theorem for flat currents implies that the equation
holds on all of X × R. 
Remark 4.14. Non–injectivity currents. Let m = rkE ≤ rkF = n and set q =
n−m+1. In this remark we study the non–injectivity current of a bundle map ν : E → F .
This is a degree q current which is supported on the set of points of X over which the
bundle map ν fails to be injective. The mod 2 non–injectivity current, Dmod 2NI (ν), is defined
by replacing Rm by E in Definition 3.14. The analogue of Remark 3.15 holds for Dmod 2NI (ν).
Furthermore, the cohomology class ofDmod2NI (ν) inH
q(X,Z2) is {w(F )w(E)−1}q, the degree
q part of w(F )w(E)−1.
If q is odd the non–injectivity current, DNI(ν), is defined as in Definition 3.4. (Note
that, in the case that q = n is odd, the current DNI(ν) is simply the divisor of the induced
section of Hom(E, F ) → X .) This current is an OE ⊗ OF –twisted current on X . The
analogues of all the results of Section 3A hold for DNI(ν). Furthermore the cohomology
class of DNI(ν) in H
q(X, Z˜E⊕F ) is β
({w(F )w(E)−1}q−1), the Bockstein of the degree q−1
part of w(F )w(E)−1.
5. Obstruction currents.
The Stiefel–Whitney classes were originally defined (see [S], [W]) as obstruction classes.
The qth obstruction class of a real rank n vector bundle F → X is a cohomology class
which is the obstruction to the existence of a collection of n − q + 1 linearly independent
sections of F over the q–skeleton of a cell decomposition of X . It is defined to be the coho-
mology class of a certain obstruction q–cocycle which is associated to each suitable collection
of n − q + 1 sections of F . If this obstruction cocycle is defined for an atomic collection of
sections, then, by Poincare´ duality, there is also defined a canonical obstruction current
on X . The aim of this section is to show that this obstruction current is equal to the linear
dependency current of this special collection of sections.
We begin by recalling the definition of the obstruction cocycle as given by Steenrod,
[St]. Fix q ∈ {1, ..., n}. Let Vn−q+1(F ) → X be the bundle whose fibre over x ∈ X is
the Stiefel manifold consisting of all (n − q + 1)–tuples of linearly independent vectors of
Fx. Choose a smooth locally finite simplicial decomposition K of X and let K
′ be the
first barycentric subdivision of K. Each barycentrically subdivided q–simplex, aq, of K is a
simplicial subcomplex of K ′. In fact, since it is diffeomorphic to a q–ball, aq is a q–cell. If
q is odd or q = n, choose an orientation on each cell. The collection of such (oriented) cells
forms a cellular subdivision Ka of K
′. Since πi(Vn−q+1(R
n)) = 0 for all i < q − 1 there is a
section η of Vn−q+1(F ) over the (q − 1)–skeleton Kq−1a of Ka.
Now
πq−1(Vn−q+1(R
n)) =
{
Z if q is odd or q = n
Z2 if q is even and q < n.
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Consequently there is no guarantee that η will extend to a section of Vn−q+1(F ) over the q–
skeleton Kqa. Steenrod defines a twisted (or mod 2) cellular q–cochain, wq(η), which is zero
iff η can be extended over Kqa. Fix a point xa in each q–cell a
q of Kqa. The cochain wq(η)
assigns an element wq(η)(a
q) of πq−1(Vn−q+1(Fxa)) to each q–cell a
q. It is defined as follows.
Choose a trivialization of F over aq and let ψ : Vn−q+1(F ) → Vn−q+1(Fxa) be the induced
map. Then wq(η)(aq) is defined to be the homotopy class of ψ ◦ η : ∂aq → Vn−q+1(Fxa).
This class is well defined independent of the choice of trivialization of F . Steenrod shows
that wq(η) is a cocycle whose cohomology class in H
q(X, πq−1(Vn−q+1(F ))) is well defined
independent of the choice of section η. By definition this class is the qth obstruction class
of F . In keeping with the notation of Section 4 the qth obstruction class will be denoted by
wq(F ) when q is even and by W˜q(F ) when q is odd.
In summary, if q is odd or q = n (resp. q is even and q < n) Steenrod associates a
πq−1(Vn−q+1(F ))–twisted cochain (resp. mod 2 cochain), wq(η), to each section η of the
Stiefel bundle Vn−q+1(F ) → Kq−1a . On the other hand, in Section 3 we associated the
OF –twisted current LD(ν) (resp. mod 2 current LDmod 2(ν)) to a collection of n − q + 1
sections of the vector bundle F → X . Our goal is to relate these two constructions. We
begin by considering the case that q is odd or q = n.
The case that q is odd or q = n.
First note that there is a bundle isomorphism
ϕ : πq−1(Vn−q+1(F )) −→ Z˜F
defined, in terms of a generator [σ] of πq−1(Vn−q+1(R
n)), as follows. (See [St,25.6] for a
definition of the homotopy generator [σ].) Fix x ∈ X and let η : Sq−1 → Vn−q+1(Fx)
represent an element of πq−1(Vn−q+1(F ))x. For each frame f of Fx we obtain a map ψ :
Vn−q+1(Fx) → Vn−q+1(Rn). Define λ ∈ Z by [ψ ◦ η] = λ[σ] in πq−1Vn−q+1(Rn) and let [f ]
denote the orientation class of the frame f in OF . Then ϕ(η) is defined to be the class of
([f ], λ) in Z˜F . (Recall that Z˜F is the space of orbits of the Z2–action ρ([f ], λ) = (−[f ],−λ)
on OF × Z.)
Let N = dimX . Now there is a dual cellular decomposition Kb of K
′ characterized by
the fact that to each q–cell aq of Ka there is a unique (N − q)–cell, bN−q , of Kb so that
the dual of each face of aq has bN−q as a face. Choose an orientation on each cell of Kb.
Note that the intersection of a cell and its dual is the common centrepoint of both cells and
that cells aq and bN−q which are not dual to each other do not intersect. Therefore the
(q − 1)–cells of Ka do not intersect the (N − q)–cells of Kb.
Using the fact that πi(Vn−q+1(R
n)) = 0 for i < q − 1 we can construct smooth sections
ν1, ..., νn of V → X so that for each q ∈ {1, ..., n} the linear dependency set of ν1, ..., νn−q+1
is a cellular subcomplex KN−qb (ν) of K
N−q
b . Note that ν1, ..., νn−q+1 define a section η of
Vn−q+1(F ) over K
q−1
a .
Now the cohomology group H∗(X, Z˜F ) can be computed using the smooth OF ⊗ OX–
twisted infinite integral dual cellular chain complex. The (N−q)–dimensional chains of this
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complex are formal infinite combinations of the form
∑
j
λj b
N−q
j where the λj are OF ⊗OX–
twisted integers and the bN−qj are the oriented (N − q)–cells of Kb. Our intermediate goal
is to associate to the cocycle wq(η) (defined by the collection of sections ν1, ..., νn−q+1)
an OF ⊗ OX–twisted integral cellular (N − q)–cycle, wN−q(ν), which represents W˜q(F ) ∈
Hq(X ; Z˜F ). It is defined as follows. First let a
q and bN−q be oriented dual cells and
set {x} := aq ∩ bN−q. Let [a, b] denote the local section of OX → bN−q induced by the
decomposition TxX ∼= Txaq ⊕ TxbN−q . Then
(5.1) wN−q(ν) :=
∑
j
λj b
N−q
j
where the sum is taken over the cells bN−qj of the linear dependency subcomplex K
N−q
b (ν)
of ν1, ..., νn−q+1, and where λj is the OF ⊗OX–twisted integer
λj := [a
q
j , b
N−q
j ]⊗ ϕ(wq(η)(aqj)).
That is, wN−q(ν) is the Poincare´ dual of w
q(η).
Since an OX -twisted smooth oriented cellular chain defines a locally rectifiable current
the twisted cellular cycle wN−q(ν) defines an OF –twisted locally integrally flat current
on X , which we also denote by wN−q(ν). Now, by [HS,3.2], we can choose the sections
ν1, ..., νn−q+1 so that the induced section ν˜ of H → P(Rm) is atomic. Then we have the
following result.
Theorem 5.2. For the collection of sections ν1, ..., νn−q+1 described above,
LD(ν) = wN−q(ν)
as OF –twisted locally integrally flat currents on X. Consequently, the obstruction class
W˜q(F ) ∈ Hq(X, Z˜F ) is the cohomology class of LD(ν).
Proof. Let m = n− q + 1. By construction ν1, ..., νm−1 are linearly independent sections of
F over X ∼ KN−q−1b . Let Em−1 denote the oriented span of ν1, ..., νm−1 over X ∼ KN−q−1b
and let Gq denote the orthogonal complement of Em−1 in F with respect to some metric
on F . Let ν⊥m denote the orthogonal projection of νm onto G
q over X ∼ KN−q−1b . Now we
can choose ν1, ..., νm−1 so that the section ν
⊥
m is atomic. Then we have the following
Lemma 5.3.
wN−q(ν) = Div(ν
⊥
m) over X ∼ KN−q−1b .
Proof of Lemma. To prove the lemma we need to calculate each twisted integer λj of equa-
tion (5.1) in terms of the degree of a certain map between (q−1)–spheres. This was done by
Halperin and Toledo [HT] as follows. Since KN−q−1b and K
q
a are disjoint the bundle G
q is
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defined over the q–cell aqj . Choose a trivialization ρ : G
q → Rq of Gq over aqj . This induces
an orientation on Gq → aqj . Let [f ] denote the induced orientation on F = En−q ⊕Gq over
aqj . Then
λj = [a
q
j , b
N−q
j ]⊗ [f ] nj
where nj is the degree of the induced map between oriented (q − 1)-spheres,
nj := Deg
(
ρ ◦ ν⊥n−q+1 : ∂aqj → S(Rq)
)
.
The lemma now follows from Theorem 2.9 and Remark 2.11. 
Completion of the proof of Theorem 5.2. By Theorem 3.18 and Lemma 5.3
wN−q(ν) = LD(ν) over X ∼ KN−q−1b .
Let S := wN−q(ν)−LD(ν). Then S is a flat current of dimension N − q which is supported
on the N − q − 1 dimensional submanifold KN−q−1b . So, by the Federer Support Theorem
for flat currents, [F], S = 0 on X , as required. 
The case that q is even and q < n.
In the case that q is even and q < n the obstruction class, wq(F ), is an element of
Hq(X,Z2). Now the cohomology group H
q(X,Z2) can be computed using the smooth
infinite mod 2 dual cellular chain complex. The (N − q)–dimensional chains of this complex
are formal infinite combinations of the form
∑
λj b
N−q
j where λj ∈ Z2 and the bN−qj are the
(unoriented) (N − q)–cells of Kb.
Just as in the case described above we construct sections ν1, ...νn−q+1 of F and a mod 2
cellular (N−q)–cycle, wmod 2N−q (ν) =
∑
λj b
N−q
j , which is supported on the linear dependency
set of ν1, ...νn−q+1 and which represents the obstruction class wq(F ) ∈ Hq(X,Z2). This
cycle defines a mod 2 locally integrally flat current in the obvious way. Arguing as in the
proof of Theorem 5.2 we have the following
Theorem 5.4. For the collection of sections ν1, ..., νn−q+1 described above,
LDmod 2(ν) = wmod 2N−q (ν)
as mod 2 locally integrally flat currents on X. Consequently, the obstruction class wq(F ) ∈
Hq(X,Z2) is the cohomology class of LD
mod 2(ν).
Remark 5.5. Obstructions to injective bundle maps. The results of this section can
be generalized to the case of vector bundle maps ν : E → F where m = rkE ≤ rkF . Let
Hom×(E, F )→ X denote the bundle of injective bundle maps from E to F . The Steenrod
obstruction class of the bundle Hom×(E, F ) → X is a degree q = n −m + 1 cohomology
class which is the obstruction to the existence of an injective bundle map ν : E → F over
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the q–skeleton of X . Combining Remark 4.14 with the analogues of Theorems 5.2 and 5.4
we conclude that this class is equal to
(1) the twisted Euler class e˜ of Hom(E, F ) when q = n
(2) the degree q part of w(F )w(E)−1 when q < n is even, and
(3) the Bockstein of the degree q − 1 part of w(F )w(E)−1 when q < n is odd.
6. Higher dependency currents. The aim of this section is to study the currents as-
sociated with higher dependencies, c.f. [HL3]. Let ν be an ordered collection of m sec-
tions ν1, ..., νm of a rank n bundle F → X . In Section 3 we studied the linear depen-
dency current, LD(ν), which is supported on the set of points x where at least one of
the vectors ν1(x), ..., νm(x) depend linearly on the remaining ones. Fix an integer ℓ with
max{0, m− n} ≤ ℓ ≤ m. In this section we study the higher dependency current, LDℓ(ν),
which is supported on the set where at least ℓ of the sections depend linearly on the remain-
ing ones, i.e. on the set of points over which the induced bundle map ν : Rm → F has rank
≤ m− ℓ. The higher dependency current LDℓ(ν) has degree q := ℓ(n−m+ ℓ), and so the
dimension of LDℓ(ν) decreases as ℓ increases.
The current LDℓ(ν) is defined as follows. Let π : Gℓ(R
m) → X denote the trivial
Grassmann bundle of unoriented ℓ–dimensional linear subspaces of the trivial bundle Rm →
X , and let U ⊂ Rm be the tautological rank ℓ bundle over Gℓ(Rm). The collection ν is
called ℓ–dependency atomic if the induced section ν˜ of the bundle H = Hom(U, π∗F )
over Gℓ(R
m) is atomic.
The mod 2 higher dependency current, LDmod2ℓ (ν), is defined by
(6.1) LDmod 2ℓ (ν) := π∗Div
mod 2(ν˜) on X.
In this mod 2 case orientation issues are irrelevant.
If m ≡ n mod 2 it is possible to pushforward the OH -twisted current Div(ν˜) by the
projection π. This is because there is a canonical isomorphism
OH ∼=
{ OGℓ(Rm) ⊗ π∗OF if ℓ is odd,
OGℓ(Rm) if ℓ is even.
In this case the higher dependency current, LDℓ(ν), is defined by
(6.2) LDℓ(ν) := π∗Div(ν˜) on X.
Note that
LDℓ(ν) is
{
an OF − twisted current on X if ℓ is odd,
a current on X if ℓ is even.
The following equivalent definition of LDℓ(ν) is often useful, (c.f. Remark 3.5). Let
ρ : Ĝℓ(R
m) → X be the Grassmann bundle of oriented ℓ–dimensional linear subspaces of
R
m. Note that the fibres Ĝℓ(R
m) of Ĝℓ(R
m) are canonically oriented manifolds. Let Û
be the canonically oriented tautological bundle over Ĝℓ(R
m), and let ν̂ denote the induced
section of the bundle Ĥ = Hom(Û , ρ∗F ) over Ĝℓ(R
m). Then, if m ≡ n mod 2,
(6.3) LDℓ(ν) =
1
2 ρ∗Div(ν̂).
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Proposition 6.4. Let ν : Rm → F be as above and let ψ : Rm → Rm be a bundle isomor-
phism. Then the collection of sections corresponding to the bundle map ν ◦ ψ : Rm → F is
also ℓ– dependency atomic. Furthermore, if n ≡ m mod 2,
LDℓ(ν ◦ ψ) =
{
sgn det(ψ) LDℓ(ν) if ℓ is odd,
LDℓ(ν) if ℓ is even.
Note. The analogues of the main Theorems 3.7 and 3.15 for (mod 2) linear dependency
currents also hold for the (mod 2) higher dependency currents. This fact together with
Proposition 6.4 imply the following corollary.
Corollary 6.5. Let n ≡ m mod 2 and let ℓ be odd. Then there is a locally rectifiable
OF –twisted current T so that
2LDℓ(ν) = dT.
Proof of Proposition 6.4. Let µ = ν◦ψ and let Ψ : Ĝℓ(Rm)→ Ĝℓ(Rm) be the diffeomorphism
induced by ψ. Arguing as in the proof of Proposition 3.8 it suffices to show that
(6.6) Ψ∗(Div(µ̂)) = sgn det(DΨ) Div(ν̂) on Ĝℓ(R
m),
and that
(6.7) sgn det(DΨ) =
{
sgn det(ψ) if ℓ is odd,
1 if ℓ is even.
The proof of (6.6) is the same as that of Equation (3.13). Next we prove (6.7). Clearly it
suffices to consider orthogonal linear maps ψ : Rm → Rm. Now there is a canonical orien-
tation preserving bundle isomorphism φ : Hom(Û , Û⊥)→ TĜℓ(Rm) defined as follows. Fix
P ∈ Ĝℓ(Rm) and consider the canonical map ϕP : Hom(P, P⊥) →֒ Ĝℓ(Rm) which sends a lin-
ear map to its graph. Let Id : Hom(P, P⊥)→ T0Hom(P, P⊥) be the canonical isomorphism.
Then φP := DϕP ◦ Id defines φ pointwise. Let Ψ : Hom(P, P⊥) → Hom(ψ(P ), ψ(P⊥)) be
the map defined by Ψ := ϕψ(P ) ◦ Ψ ◦ ϕP . Now Ψ(α) = ψ ◦ α ◦ ψ−1 is a linear map and so
sgn det(DΨ) = sgn det(Ψ). The result now follows by applying (3.3). 
A. The mod 2 cohomology class of LDmod2ℓ (ν). The goal of this subsection is to
identify the mod 2 cohomology class of the mod 2 higher dependency current. Let w(F ) =
1 + w1(F ) + w2(F ) + · · · + wn(F ) denote the total Stiefel–Whitney class of F . The Shur
polynomial, ∆
(ℓ)
r (w(F )) ∈ Hrl(X,Z2), is the polynomial in wj(F ) defined by
(6.8) ∆(ℓ)r (w(F )) := det(wr−i+j(F ))1≤i,j≤ℓ.
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Theorem 6.9. Let ν : Rm → F be as above and let q = ℓ(n − m + ℓ). Then the coho-
mology class of the mod 2 higher dependency current LDmod 2ℓ (ν) in H
q(X,Z2) is the Shur
polynomial ∆
(ℓ)
n−m+ℓ(w(F )).
Example 6.10.
(a) Since ∆
(3)
1 (w(TRP
4)) 6= 0, it is not possible to find a collection of 6 vector fields on RP4
so that at each point of RP4 at least 4 of the 6 vectors are linearly independent.
(b) Since ∆
(3)
3 (w(TRP
10)) 6= 0, for any collection of 10 vector fields on RP10 there is a point
of RP10 so that at least 3 of the vectors at that point depend linearly on the remaining ones.
Proof of Theorem 6.9. Let π : Gℓ(R
m)→ X . As in the proof of Theorem 4.1, it suffices to
show that
π∗wℓn(H) = ∆
(ℓ)
n−m+ℓ(w(F )) in H
q(X,Z2).
Now the standard formula for the Stiefel–Whitney class of a tensor product says that
wℓn(H) = wℓn(U
∗ ⊗ F ) = ∆(ℓ)n
(
w(F )w(U)−1
)
.
(One way to see this is to apply equation (A.26) of [HL3] to Problem 7C of [MS].) Let
k = m− ℓ. Then, arguing as in the proof of Theorem 4.4 of [HL3], we see that
wℓn(H) = ∆
(ℓ)
n−k(w(F )) π∗(wk(U
⊥)ℓ).
The proof is completed by observing that wk(U
⊥)ℓ is the generator of Hkℓ(Gℓ(R
k+ℓ),Z2) =
Z2. 
Remark 6.11. Mod 2 degeneracy currents. Let ν : Em → Fn be a bundle map. Fix
an integer k with 0 ≤ k < min{m,n} and let ℓ = m − k. The mod 2 degeneracy current,
Dmod 2k (ν), of the bundle map ν is defined as in equation (6.1), with R
m replaced by E. It
is a degree q = (m − k)(n − k) current which is supported on the set of points over which
the bundle map has rank ≤ k. The cohomology class of Dmod 2k (ν) in Hq(X,Z2) is given by
∆
(m−k)
n−k
(
w(F )w(E)−1
)
.
Remark 6.12. Non–surjectivity currents. Next we specialize Remark 6.11 to the case
that m = rkE ≥ rkF = n and k = n − 1 so that q = m − n + 1. The mod 2 non–
surjectivity current, Dmod2NS (ν) := D
mod2
n−1 (ν), is supported on the set over which the bundle
map ν fails to be surjective. The cohomology class of Dmod 2NS (ν) in H
q(X,Z2) is given by
∆
(q)
1
(
w(F )w(E)−1
)
= ∆
(1)
q
(
w(E)w(F )−1
)
= {w(E)w(F )−1}q, the degree q part of
w(E)w(F )−1.
If q is odd the non–surjectivity current, DNS(ν) := Dn−1(ν), is an OE ⊗ OF -twisted
current defined as in equation (6.2). Let ν∗ : F ∗ → E∗ be the adjoint map. Then, at
least for generic maps, DNS(ν) = DNI(ν
∗), where DNI(ν
∗) is the non-injectivity current
of ν∗ as defined in Remark 4.14. So, by Remark 4.14, the cohomology class of DNS(ν) in
Hq(X, Z˜E⊕F ) is β
({w(E)w(F )−1}q−1), the Bockstein of the degree q − 1 = m− n part of
w(E)w(F )−1.
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B. The integer cohomology class of LDℓ(ν). The case n ≡ m mod 2. The aim of
this subsection is to identify the (twisted) integer cohomology class [LDℓ(ν)] of the higher
dependency current LDℓ(ν), which is defined whenever n ≡ m mod 2. The torsion free part
of [LDℓ(ν)] is well known. If ℓ is even it is a certain Shur polynomial in the total Pontrjagin
class p(F ) (see for example [HL3,6.9]) while if ℓ is odd it is zero, by Corollary 6.5 above. The
mod 2 reduction of [LDℓ(ν)] is given in Theorem 6.9 above. We will prove that the (twisted)
integer class of LDℓ(ν) is the sum of its torsion free part and a 2–torsion term, T
(ℓ)
n−m+l(W˜ ),
defined below. This result builds on work of Ronga [R] who showed that the integer class of
LDℓ(ν) is determined by its mod 2 and rational reductions. Our contribution is to explicitly
identify the 2-torsion term as a certain polynomial in the Pontrjagin and twisted integral
Stiefel-Whitney classes of F .
Throughout this subsection Z˜ denotes the OF -twisted integers, Z˜ := OF ⊗Z2 Z. Let
pi(F ) ∈ Hi(X,Z)denote the ith integral Pontrjagin class of F and W˜2j+1(F ) ∈ H2j+1(X, Z˜)
the (2j+1)th twisted integral Stiefel–Whitney class, defined by (4.9). Recall that ρ(W˜2j+1) =
w2j+1. Note that, since 2W˜2j+1 = 0, the subring of H
∗(X,Z)⊕H∗(X, Z˜) generated by the
pi(F ) and W˜2j+1(F ) is commutative. Also note that the product of two elements ofH
∗(X, Z˜)
is an element of H∗(X,Z). Let W˜2j denote the formal square root of the jth Pontrjagin
class, i.e. W˜2j :=
√
pj . We make this definition because w
2
2j is the mod 2 reduction of pj
(see [MS] Problem 15A). Of course the formal symbol W˜2j has no cohomological meaning.
Definition 6.13. Let Sℓ denote the symmetric group on ℓ elements. Define τ ∈ Sℓ by
τ(i) = ℓ + 1 − i, and note that τ2 = Id. Let R : Sℓ → Sℓ be the involution defined by
R(σ) = τσ−1τ . Define an index set J ⊂ Sℓ by
J := {σ ∈ Sℓ : R(σ) = σ and, if ℓ is even, then σ(i) 6≡ imod2 for some i.}
Set r := n−m+ ℓ and note that ℓ ≡ r mod 2. Then we define
T (ℓ)r (W˜ ) :=
∑
σ∈J
ℓ∏
i=1
W˜r+i−σ(i).
Lemma 6.14. Suppose ℓ ≡ r mod 2. Then
(1) T
(ℓ)
r (W˜ ) is a polynomial in the pi and W˜2j+1.
(2) If ℓ is odd (resp. even) then each term of T
(ℓ)
r (W˜ ) is of odd (resp. even) degree in the
variables W˜2j+1. Therefore T
(ℓ)
r (W˜ (F )) is an element of Hq(X, Z˜) (resp. Hq(X,Z)), where
q = ℓr.
(3) Each term of the polynomial T
(ℓ)
r (W˜ ) has a factor of the form W˜2j+1. Therefore the
class T
(ℓ)
r (W˜ (F )) is a torsion class of order 2.
In the case that ℓ is even set ℓ = 2ℓ0 and r = 2r0. The main result is
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Theorem 6.15. The(twisted) integer cohomology class of the higher dependency current
LDℓ(ν) is
[LDℓ(ν)] =
{
T
(ℓ)
r (W˜ (F )) in Hq(X, Z˜) when ℓ is odd,
∆
(ℓ0)
r0 (p(F )) + T
(ℓ)
r (W˜ (F )) in Hq(X,Z) when ℓ is even.
Remark 6.16. For ℓ even (resp. ℓ odd) let ι∗ : H∗(X,Z) → H∗(X,R) (resp. ι∗ :
H∗(X, Z˜)→ H∗(X, R˜)) denote the usual coefficient homomorphism, and let ρ∗ : H∗(X,Z)→
H∗(X,Z2) (resp. ρ
∗ : H∗(X, Z˜)→ H∗(X,Z2)) denote mod 2 reduction. Then
(6.17) ι∗([LDℓ(ν)]) =
{
0 if ℓ is odd,
∆
(ℓ0)
r0 (p(F )) if ℓ is even.
and
(6.18) ρ∗([LDℓ(ν)]) = [LD
mod2
ℓ (ν)] = ∆
(ℓ)
r (w(F )).
These two formulae are well known (see [R]) and will be used to prove the more general
result of Theorem 6.15.
Example 6.19.
(1) If ℓ = 2 then r = 2r0 = n−m+ 2 and [LD2(ν)] = pr0 + W˜r−1W˜r+1.
(2) If ℓ = r = 3 then [LD3(ν)] = p1W˜5 + p2W˜1 + W˜
3
3 + W˜1W˜3W˜5.
(3) If ℓ = r = 4 then [LD4(ν)]
= p22 − p1p3 + p1W˜5W˜7 + p2(W˜3W˜5 + W˜1W˜7) + p3W˜1W˜3 + (W˜1W˜5 + W˜ 23 )(W˜3W˜7 + W˜ 25 ).
Remark 6.20. The following equivalent definition of T
(ℓ)
r (W˜ ) will be useful. Define an
ℓ× ℓ matrix (aij) by
(6.21) aij := W˜r+i−j 1 ≤ i, j ≤ ℓ.
Note that the matrix (aij) is symmetric under reflection in the antidiagonal i + j = ℓ + 1,
i.e. aℓ+1−j , ℓ+1−i = aij . Let I denote the collection of subsets I of the index set {(i, j) :
1 ≤ i, j ≤ ℓ} which satisfy the following three properties:
(1) For each i (resp. j) in {1, ..., ℓ} there there is exactly one element j (resp. i) of
{1, ..., ℓ} so that (i, j) ∈ I.
(2) The subset I is symmetric under reflection in the antidiagonal i + j = ℓ + 1, i.e.
(i, j) ∈ I iff (ℓ+ 1− i, ℓ+ 1− j) ∈ I, and
(3) If ℓ is even, then there is at least one element (i, j) ∈ I for which i 6≡ j mod 2.
28
Then
(6.22) T (ℓ)r (W˜ ) =
∑
I∈I
∏
(i,j)∈I
W˜r+i−j .
To see that Definition 6.13 and (6.22) agree note that each σ ∈ J defines a subset I(σ) of
{(i, j) : 1 ≤ i, j ≤ ℓ} by I(σ) := {(i, σ(i)) : 1 ≤ i ≤ ℓ}. Furthermore the set associated
with R(σ) is the reflection in the line i+ j = ℓ+ 1 of the subset associated with σ.
Proof of Lemma 6.14. Let σ ∈ J . Then, since R(σ) = σ, we have (i, j) ∈ I(σ) iff
(τ(j), τ(i)) ∈ I(σ), where τ(i) = ℓ+ 1− i. So, since aτ(j)τ(i) = aij ,
T (ℓ)r (W˜ ) =
∑
σ∈J
∏
i∈U(σ)
W˜ 2r+i−σ(i)
∏
i∈∆(σ)
W˜r+i−σ(i),
where U(σ) = {i : i + σ(i) < ℓ + 1} and ∆(σ) = {i : i + σ(i) = ℓ + 1}. Note that
|∆(σ)| ≡ ℓ mod 2. Conclusions (1,2,3) now follow from the fact that, if i ∈ ∆(σ), then
r + i− σ(i) = r − ℓ+ 2i− 1 is odd. Conclusion (4) follows from the fact that |∆(σ)| 6= 0 in
the case that ℓ is odd, and from the definition of J in the case that ℓ is even. 
Proof of Theorem 6.15. By naturality we can reduce to the case in which the bundle F → X
is the tautological rank n bundle U over a sufficiently high dimensional approximation,
Gn(R
N ), to the classifying space Gn(R
∞). Now, if N is large enough, the torsion subgroup
of Hq(Gn(R
N ),Z) is a direct sum of cyclic groups of order 2 (see [B]). Furthermore, choosing
N to be odd, OTGn(RN ) ∼= OU and so H∗(Gn(RN ), Z˜) ∼= H∗(Gn(RN ),Z). So, by the
universal coefficient theorem, the torsion subgroup of Hq(Gn(R
N ), Z˜) is also a direct sum
of cyclic groups of order 2. Consequently elements of Hq(Gn(R
N ),Z) and Hq(Gn(R
N ), Z˜)
are completely determined by their mod 2 and real reductions. So, setting
Q(ℓ)r :=
{
T
(ℓ)
r (W˜ (F )) if ℓ is odd,
∆
(ℓ0)
r0 (p(F )) + T
(ℓ)
r (W˜ (F )) if ℓ is even,
it suffices to prove that
(6.23) ι∗(Q(ℓ)r ) =
{
0 if ℓ is odd,
∆
(ℓ0)
r0 (p(F )) if ℓ is even,
and
(6.24) ρ∗(Q(ℓ)r ) = ∆
(ℓ)
r (w(F )),
that is, that Q
(ℓ)
r and [LDℓ(ν)] have the same torsion free part and mod 2 reduction.
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Now (6.23) follows immediately from Lemma 6.14 (3). Let w(σ) :=
ℓ∏
i=1
wr+i−σ(i). Then,
since the matrix aij = wr+i−j is symmetric under reflection in the antidiagonal,
(6.25) w(R(σ)) = w(σ).
In the case that ℓ is odd we verify (6.24) by observing that, by Definition 6.13, ∆
(ℓ)
r (w(F )) −
ρ∗(Q
(ℓ)
r ) =
∑
σ/∈J
w(σ), which is zero, since, by (6.25), the sum is a sum of terms of the form
w(σ) + w(R(σ)) = 2w(σ) = 0.
Finally we verify (6.24) in the case that ℓ = 2ℓ0 is even. Let ψ : Sℓ0 → Sℓ be the injection
defined for j ∈ {1, 2, ..., ℓ0} by
ψ(η)(2j − 1) := 2η(j)− 1 and ψ(η)(2j) := 2η(j).
The map ψ can be interpreted as follows. Let (bij) denote the ℓ0 × ℓ0 matrix bij := pr0+i−j
and let C(η) = {bj , η(j) : 1 ≤ j ≤ ℓ0} be the subset of entries of (bij) defined by η ∈ Sℓ0 .
Then C(ψ(η)) = {ai , ψ(η)(i) : 1 ≤ i ≤ ℓ} is the set of those entries of (aij) obtained from
C(η) by replacing each element bj , η(j) of C(η) by the diagonal entries of the corresponding
2× 2 submatrix
(
w2(r0+j−η(j)) 0
0 w2(r0+j−η(j))
)
of the matrix (aij). So, since ρ
∗(pj) = w
2
2j , the
mod 2 reduction of the product of the elements of C(η) equals the product, w(ψ(η)), of the
elements of C(ψ(η)). Summing over η ∈ Sℓ0 we conclude that
ρ∗
(
∆(ℓ0)r0 (p(F ))
)
=
∑
σ∈ψ(Sℓ0)
w(σ).
Now let K := Sℓ ∼ (ψ(Sℓ0) ∪ J ). To verify (6.24) it suffices to show that
(6.26)
∑
σ∈K
w(σ) = 0.
To prove (6.26) we study the index set K. Define β ∈ Sℓ by
β(2j − 1) = 2j and β(2j) = 2j − 1 for j ∈ {1, ..., ℓ0},
and define P : Sℓ → Sℓ by P (σ) := βσβ. The involution P can be interpreted as follows.
Firstly, each entry aij of the ℓ×ℓ matrix (aij) has a pair P (aij) defined as follows. Partition
(aij) into 2×2 submatrices. Let
(
a b
c d
)
be one such submatrix. Then P (a) = d and P (b) = c.
Let C(σ) denote the set of entries of (aij) defined by σ ∈ Sℓ. Then C(P (σ)) = C(σ). The
pairing involution P is introduced because
(6.27) ψ(Sℓ0) = {σ ∈ Sℓ : P (σ) = σ and i ≡ σ(i)mod2 for all i}.
30
Define
KR = {σ ∈ K : R(σ) 6= σ} and KP = {σ ∈ K : R(σ) = σ and P (σ) 6= σ}.
We claim that K is the disjoint union K = KR ∪KP . To see this choose σ ∈ K ∼ KR. Then,
since σ 6∈ J , i ≡ σ(i) mod 2 for all i. Therefore, since σ 6∈ ψ(Sℓ0), equation (6.27) implies
that P (σ) 6= σ, as required.
Note that, since the pair of the reflection of an entry of (aij) is the reflection of the pair
of that entry,
(6.28) R(P (σ)) = P (R(σ)).
Hence R preserves the decomposition Sℓ = ψ(Sℓ0)∪J ∪KR∪KP . Now, since the involution
R : KR → KR has no fixed points, it follows that
∑
σ∈KR
w(σ) = 0, since it is the sum of terms
of the form w(σ)+w(R(σ)) = 2w(σ) = 0. Finally, by (6.28), P : KP → KP is an involution
with no fixed points, and once again
∑
σ∈KP
w(σ) = 0. Hence (6.26) holds, as desired. 
7. Applications.
In this section we apply the general results of the previous sections to study singularities of
projections and singularities of maps (c.f. [HL3]). The results of this section hold whenever
the projections and maps in question are atomic, by which we mean that the induced section
of Hom(U, F )→ Gℓ(E) is atomic. This hypothesis is assumed throughout. In particular, in
the real analytic case we simply require that the degeneracy subvarieties of the map have
codimension greater than or equal to the expected codimension in X , (see [HL3, 2.14]).
A. Singularities of Projections.
Let j : X → RN be an immersion of a smooth m–manifold. Fix an integer n < N and
let P : RN → Rn be a linear map. We study the singularities of the smooth projection
P̂ = P ◦ j : X → Rn. Fix an integer k with 0 ≤ k < min{m,n}. The kth mod 2
degeneracy current of the projection P on X is defined to be Dmod 2k (P ) := D
mod 2
k (dP̂ )
(c.f. Remark 6.11). This current is a degree q := (m− k)(n− k) current which is supported
on the set where the differential dP̂ : TX → Rn has rank ≤ k. By Remark 6.11,
(7.1) [Dmod2k (P )] = ∆
(m−k)
n−k (w(TX)
−1) = ∆
(n−k)
m−k (w(TX)) in H
q(X,Z2).
If n ≡ m mod 2, the kth degeneracy current of the projection P on X , Dk(P ) :=
Dk(dP̂ ) can also be defined (as in (6.2)). Let (dP̂ )
∗ : Rn → T ∗X denote the adjoint map.
Then, at least for generic P , Dk(P ) = Dk((dP̂ )
∗). Therefore, by Theorem 6.15,
[Dk(P )] =
{
T
(n−k)
m−k (W˜ (TX)) in H
q(X, Z˜), when n− k is odd,
∆
(n0−k0)
m0−k0
(p(TX)) + T
(n−k)
m−k (W˜ (TX)) in H
q(X,Z), when n− k is even,
where 2(n0 − k0) = n− k and 2(m0 − k0) = m− k.
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Example 7.3. Tangential Stiefel–Whitney classes. Fix 1 ≤ q ≤ m and let P : RN →
Rm−q+1 be linear. The mod 2 non–submersion current of the projection P on X is
defined by Dmod 2NS (P ) := D
mod2
m−q (dP̂ ) on X . This is a degree q current which is supported
on the subset of X on which the map P̂ : X → Rm−q+1 fails to be a submersion. By (7.1),
[Dmod2NS (P )] = wq(TX) in H
q(X,Z2).
Furthermore, if q is odd, then the non–submersion current, DNS(P ), can also be defined,
and, by Remark 6.12,
[DNS(P )] = W˜q(TX) in H
q(X, Z˜).
Example 7.4. Normal Stiefel–Whitney classes. Fix 1 ≤ q ≤ N − m and let P :
RN → Rm+q−1 be linear. The mod 2 non–immersion current of the projection P on X
is defined by Dmod 2NI (P ) := D
mod 2
m−1 (dP̂ ) on X . This is a degree q current which is supported
on the subset of X on which the map P̂ : X → Rm+q−1 fails to be a immersion. By (7.1),
[Dmod 2NI (P )] = wq(NX) in H
q(X,Z2),
where NX is the normal bundle to X in RN . Furthermore, if q is odd, then the non–
immersion current, DNI(P ), can also be defined, and, by Remark 4.14,
[DNI(P )] = W˜q(NX) in H
q(X, Z˜).
B. Singularities of maps.
Let X and Y be smooth manifolds of dimensions m and n respectively, and let f : X → Y
be a smooth mapping. Let 0 ≤ k < min{m,n}. The kth mod 2 degeneracy current of the
map f is defined to be Dmod 2k (f) := D
mod 2
k (df). This is a degree q = (m−k)(n−k) current
supported on the set where df : TX → TY has rank ≤ k. By Remark 6.11,
(7.5) [Dmod2k (f)] = ∆
(m−k)
n−k
(
f∗(w(TY ))w(TX)−1
)
in Hq(X,Z2).
Example 7.6. Non–submersion currents. Suppose that m = dimX ≥ dimY = n and
let q = m−n+1. Then, by Remark 6.12, the cohomology class of the mod 2 non–submersion
current Dmod 2NS (f) := D
mod 2
n−1 (f) is
[Dmod2NS (f)] = {w(TX) f∗(w(TY )−1)}deg q in Hq(X,Z2),
and, if q is odd,
[DNS(f)] = β
({w(TX) f∗(w(TY )−1)}deg q−1) in Hq(X, Z˜).
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Example 7.7. Non–immersion currents. Suppose that m = dimX ≤ dimY = n and
let q = n−m+1. Then, by Remark 4.14, the cohomology class of the mod 2 non–immersion
current Dmod 2NI (f) := D
mod 2
m−1 (f) is
[Dmod2NI (f)] = {f∗w(TY )w(TX)−1}deg q in Hq(X,Z2),
and, if q is odd,
[DNI(f)] = β
({f∗w(TY )w(TX)−1}deg q−1) in Hq(X, Z˜).
Appendix. Computing cohomology with currents.
This appendix is included for two reasons; first for the sake of completeness. The second
reason is that although the approach taken here is both simple and natural (via standard
sheaf theory) it does not appear in the geometric measure theory literature.
Definition A.1. The complex
0→ S → F0 d→ F1 d→ . . . d→ Fn → 0
of sheaves is called an acyclic resolution of the sheaf S if
(1) the complex is exact, and
(2) each sheaf Fp is acyclic, i.e. Hj(X,Fp) = 0 for j = 1, ... .
The basic result is that cohomology with coefficients in S can be computed from such a
resolution. That is,
Hp(X,S) = {ϕ ∈ Γ(X,F
p) : dϕ = 0}
dΓ(X,Fp−1)
and
Hpcpt(X,S) =
{ϕ ∈ Γcpt(X,Fp) : dϕ = 0}
dΓcpt(X,Fp−1) .
A classical reference for this and other standard results from sheaf theory is Godement [G].
In this paper the cases and coefficient sheaves of most interest are:
The integer case with coefficient sheaf Z, the sheaf of germs of locally constant integer
valued functions (see Corollary A.5).
The mod 2 case with coefficient sheaf Z2 := Z
/
2Z (see Example 10), and
The twisted integer case with coefficient sheaf Z˜ := Z⊗Z2OV , whereOV is the orientation
sheaf of a real vector bundle V → X (see Example 7).
Throughout this appendix X is a C∞ (paracompact) n–dimensional manifold. Let OTX
or OX denote the orientation sheaf of X and let Z˜X := Z⊗Z2 OX and R˜X := R⊗Z2 OX .
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Example 1. Differential forms. Let E denote the sheaf of germs of C∞ differential
p–forms with d taken to be exterior differentiation. Then
Hp(X,R) =
{ϕ ∈ Ep(X) : dϕ = 0}
dEp−1(X) .
Each Ep is acyclic because Ep is fine (i.e. there exists a partition of unity). Also the sequence,
0→ R→ E0 → · · · → En → 0 is exact by the Poincare´ lemma for exterior differentiation.
Example 2. Currents. Let D′p denote the sheaf of germs of degree p currents (defined
in Section 2). Then
0→ R→ D′0 → D′1 → · · · → D′n → 0
is an acyclic resolution of R and hence can be used to compute real cohomology Hp(X,R).
Example 3. Singular chains. Let Ck denote the sheaf of germs of C∞ singular k–chains
with locally finite support, with the usual boundary operator. Then
0→ Z˜X → Cn → Cn−1 → · · · → C0 → 0
is an acyclic resolution of Z˜X , so that
Hp(X, Z˜X) =
{ϕ ∈ Ck(X) : dϕ = 0}
dCk+1(X) , where p+ k = n.
Homology is just cohomology with compact supports and with the coefficients twisted by
the orientation sheaf OX . That is,
Hk(X,Z) = H
p
cpt(X, Z˜X) =
{ϕ ∈ Ccptk (X) : dϕ = 0}
dCcptk+1(X)
, where p+ k = n.
Example 4. OX-twisted currents. Let D′k denote the sheaf of germs of k dimensional
OX -twisted currents on X . Then 0 → R˜X → D′n → D′n−1 → · · · → D′0 → 0 is an
acyclic resolution of R˜X and hence can be used to compute H
p(X, R˜X) or real homology
Hk(X,R) := H
p
cpt(X, R˜X), where p+ k = n.
Example 5. Integrally flat currents. This is one of the examples of central importance
in this paper and so will be treated in more detail. Let Fploc(X) denote the space of locally
integrally flat degree p currents onX . We take as definition Fploc(X) := Rploc(X)+dRp−1loc (X)
i.e. all currents which can be written as A + dB with A ∈ Rploc(X) and B ∈ Rp−1loc (X)
where Rploc(X) denotes the space of locally rectifiable degree p currents. In results where
the degree of a locally integrally flat current can be arbitrary we use the less encumbered
notation Floc(U).
The spaces {Floc(U) : Uopen ⊂ X} form a presheaf of abelian groups. One can form the
associated sheaf Floc of germs, and consider the natural map from Floc(U) to Γ(U,Floc).
This map is injective because the support axiom is satisfied.
34
Support axiom. Let F be a presheaf. If T ∈ F(X) restricts to be zero in a neighbourhood
of each point of X then T = 0.
Note. For a general presheaf F this axiom is equivalent to the concept of support being
well defined. The support of T ∈ F(X) is defined to be the complement of the set of points
x ∈ X such that T ∣∣
U
= 0 for some neighbourhood U of x.
This map is surjective because the following axiom is satisfied.
Local to global axiom. Suppose Tα ∈ F(Uα) is given, where {Uα} is a locally finite open
cover of X . Let Uαβ = Uα ∩ Uβ . If Tαβ = Tα
∣∣
Uαβ
− Tβ
∣∣
Uαβ
vanishes then there exists a
global T ∈ F(X) such that T ∣∣
Uα
= Tα.
For a given presheaf, if both of these conditions/axioms are satisfied then the presheaf
is said to be a sheaf. A sheaf is said to be soft if for each closed set C ⊂ X and each
section of the sheaf on C there exists an extension to all of X . That is, for each section on
a neighbourhood of C there exists a section on X which agrees with the given section on a
(smaller) neighbourhood of C. Soft sheaves are always acyclic, for basically the same reason
fine sheaves are acyclic. Namely, the decompositions provided by a partition of unity exist
(even though these may not arise from a partition of unity).
Theorem A.2. The presheaf {Floc(U)} of locally integrally flat currents is a sheaf and this
sheaf Floc is soft.
Proof. Since each Floc(U) is a subset of D′(U) and the support axiom is satisfied for the
presheaf D′(U) the support axiom is automatic for Floc(U).
To prove the local to global property we first describe the proof for Rloc(U). Given
Aα ∈ Rloc(Uα) with Aα = Aβ on Uαβ choose a partition of unity {χα} for {Uα} with each
χα a characteristic function of a closed set. Then, since χαAα is also a rectifiable current
on Uα (but vanishing near ∂Uα), we may consider χαAα ∈ Rloc(X) extended by zero to all
of X . Set A =
∑
χβAβ and note that A
∣∣
Uα
= Aα.
The proof of the local to global property for Floc(U) can be outlined as follows. For a
more complete proof see [H,3.1]. Suppose that we are given Tα = Aα + dBα with Aα, Bα ∈
Rloc(Uα) and Tα = Tβ on Uαβ, i.e. Aα − Aβ = d(Bβ − Bα). Suppose we could set
T =
∑
χαTα, and verify that
(⋆) χαTα = χαAα + χαdBα = χαAα − (dχα)Bα + d(χαBα).
More precisely we must show that χαAα−dχαBα and χαBα define locally rectifiable currents
satisfying equation (⋆). This is not always true because (dχα)Bα and/or χαdBα may not
be defined. However, by Federer’s theory of slicing, we may choose a slight perturbation of
χα so that dχαBα is a well defined rectifiable current and so that χαdBα is a well defined
current with the equation d(χαBα) = (dχα)Bα + χαdBα satisfied.
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The proof that Floc is soft is easier. First consider the analogous result for locally
rectifiable currents. Rloc is soft because: given a closed set C ⊂ X and A ∈ Rloc(U)
where U is a neighbourhood of C we may choose χ to be the characteristic function of
V ⊂ U where V is an open neighbourhood of C and then set Â = χA ∈ Rloc(X) to be the
desired extension. Similarly, given T = A + dB ∈ Floc(U) the current T̂ = χA + d(χB)
provides the required extension. 
Since Floc is soft we have
Corollary A.3. The sheaf Floc is acyclic. In particular, for each locally finite open cover
U = {Uα} of X, the cohomology H1(U ,Floc) = 0. That is, given Sαβ ∈ Fploc(Uαβ) satisfying
Sαβ + Sβγ + Sγα = 0 on Uαβγ
there exist Sα ∈ Fploc(Uα) such that
Sαβ = Sα − Sβ on Uαβ .
Theorem A.4.
0→ Z→ F0loc → F1loc → · · · → Fnloc → 0
is exact.
Proof. Exactness on the left is equivalent to 0 → Z → R0loc → R1loc being exact since
F0loc = R0loc. This follows immediately from the standard fact that 0 → R → D′0 → D′1
is exact, i.e. locally a d–closed generalized function is represented by a constant function.
Let U be an open ball in Rn. Suppose T = A+ dB where A ∈ Rploc(U), B ∈ Rp−1loc (U) and
p ≥ 1. If T is d–closed then dA = 0. Using the standard cone construction (and Federer’s
theory) there exists Â ∈ Rp−1loc (U) such that dÂ = A on U . Therefore d(Â+B) = T where
Â+B ∈ Rp−1loc (U) ⊂ Fp−1loc (U). 
Corollary A.5.
Hp(X,Z) =
{T ∈ Fploc(X) : dT = 0}
dFp−1loc (X)
.
That is, the integrally flat currents can be used to compute Z cohomology.
Lemma A.6. Given T ∈ Floc(X) and a neighbourhood U of sptT there exist A,B ∈
Rloc(X) satisfying T = A+ dB and with sptA ⊂ U , sptB ⊂ U .
Remark. In particular, Lemma A.6 implies that if T ∈ Fcpt(X) then there exist A,B ∈
Rcpt(X) with T = A+dB. Consequently, Federer’s definition of Fcpt(X) (where Fcpt(X) =
Rcpt(X) + dRcpt(X)) agrees with the definition given in this appendix (where Fcpt(X) is
the space of compactly supported sections of Floc).
Federer defines Floc(X) to be the space of those currents on X which locally agree with
a current of the type A + dB where A,B ∈ Rcpt(X). As a consequence of the discussion
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above one can easily show that the definition of Floc(X) given in this appendix (namely
Rloc(X) + dRloc(X)) agrees with the definition in [F].
Proof of Lemma. Choose A,B ∈ Rloc(X) with T = A + dB. On X ∼ sptT , both B and
dB = −A are locally rectifiable. By Federer’s theory of slicing there exists a neighbourhood
V of sptT with V ⊂ U such that on X ∼ sptT , the slice (dχ)B ∈ Rloc(X ∼ sptT ) exists
and d(χB) = (dχ)B + χdB on X ∼ sptT . Here χ denotes the characteristic function of V .
Consquently,
T = A+ dB = χA+ χdB = χA− (dχ)B + d(χB),
where χA− (dχ)B and d(χB) are locally rectifiable on X with support in U . 
Example 6. Integrally flat OX-twisted currents. This example is almost identical
to Example 5. Let Rlock (X) denote the space of locally rectifiable OX -twisted currents of
dimension k, and let F lock := Rlock (X) + dRlock (X) denote the space of locally integrally flat
OX -twisted currents of dimension k. Then
0→ Z˜X → F locn → F locn−1 → · · · → F loc0 → 0
is an acyclic resolution of Z˜X . Hence the complex {F lock , d} can be used to compute
Hp(X, Z˜X), or integer homology Hk(X,Z) = H
p
cpt(X, Z˜X), where p+ k = n.
Example 7. Integrally flat OV –twisted currents. Let V → X be a real bundle with
orientation sheaf OV and let Z˜V := Z ⊗Z2 OV . Let F˜ploc(X) denote the space of degree p
locally integrally flat OV –twisted currents on X . Then
0→ Z˜V → F˜0loc → F˜1loc → · · · → F˜nloc → 0
is an acyclic resolution of Z˜V . Hence the complex {F˜ploc, d} can be used to compute
Hp(X, Z˜V ).
Example 8. Mod q integrally flat currents. Cohomology with Zq coefficients can be
computed using mod q currents.
Definition A.7. The space Fmod qloc (X) of mod q locally integrally flat currents on X is
defined to be the quotient Fploc(X)
/
qFploc(X).
To avoid an excess of subscripts and superscripts we always drop the superscript p for
the degree and the subscript k for the dimension when describing mod q currents.
Remark. Federer takes the quotient of Fploc(X) by the closure of qFploc(X) in the flat
topology on Fploc(X) in order to prove compactness theorems for mod q currents. For
our purposes — computing cohomology — this closure is an unnecessary complication. In
addition, Fred Almgren (private communication) has proven that qFploc(X) is already closed
in Fploc(X).
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Theorem A.8. The presheaf {Fmod qloc (U)} is a sheaf and this sheaf Fmod qloc is soft.
Proof. Firstly we must verify the support axiom. Suppose T ∈ Fmod qloc (X) is given (and
represented by T ∈ Floc(X)). Further suppose T
∣∣
Uα
= 0 for each α, i.e. there exist
Sα ∈ Floc(Uα) such that T
∣∣
Uα
= qSα for each α. Now qSα = qSβ on Uαβ implies Sα = Sβ
on Uαβ. Since {Floc(U)} satisfies the local to global axiom there exists S ∈ Floc(X) such
that S
∣∣
Uα
= Sα. Consequently T = qS on X so that T = 0.
Secondly we must verify the local to global axiom for {Fmod qloc (U)}. Suppose Tα ∈
Fmod qloc (Uα) are given with Tα = T β on Uαβ. Choosing representatives Tα ∈ Floc(Uα)
for Tα, the equation Tα = T β on Uαβ says that there exist Sαβ ∈ Floc(Uαβ) such that
Tα − Tβ = qSαβ on Uαβ. The cocycle condition for Sαβ is satisfied since it is satisfied for
qSαβ . Recall that H
1(U ,Floc) = 0. This implies that there exist Sα ∈ Floc(Uα) such that
Sα − Sβ = Sαβ . Consequently
T = Tα − qSα ∈ Floc(X)
is well defined independent of α and provides the global representation of a class T ∈
Fmod qloc (X) with T
∣∣
Uα
= Tα for each α.
Finally we must show that the sheaf Fmod qloc is soft. Suppose T ∈ Fmod qloc (U) is given
(represented by T ∈ Floc(U)) and U is an open neighbourhood of a closed set C. Since Floc
is soft there exists S ∈ Floc(X) such that S
∣∣
V
= T
∣∣
V
for some neighbourhood V ⊂ U of C.
Now S ∈ Fmod qloc (X) and S = T on the neighbourhood V of C. 
Proposition A.9. Given T ∈ Fmod qloc (X) and a neighbourhood U of A := sptT there exists
a representative T ∈ Floc(X) of T with sptT ⊂ U .
Proof. Let T ∈ Floc(X) denote an arbitrary representative of T . Restricted to X ∼ A,
T
∣∣
X∼A
= qŜ for some Ŝ ∈ Floc(X ∼ A). Since Floc is soft there exists a global section
S ∈ Floc(X) which agrees with Ŝ on a neighbourhood of the closed set X ∼ U . Now
T − qS ∈ Floc(X) is another representative of T and T − qS vanishes on a neighbourhood
of X ∼ U . 
Note that the sheaf Zq is a subsheaf of Fmod qloc when the degree is zero (i.e. when dimension
is n).
Lemma A.10. Suppose T ∈ Fmod qloc (U) is of degree zero on the open unit ball U . If dT = 0
then T is represented by a constant integer valued function.
Proof. The equation dT = 0 means that dT = qS with S ∈ F1loc(U) and T ∈ F0loc(U)
a representative for T . The current qS and hence S is d–closed. Therefore there exists
R ∈ F0loc(U) satisfying dR = S (because this is true for locally rectifiable currents). Now
T − qR ∈ F0loc(U) also represents T and is d–closed. Therefore T − qR is a constant integer
valued function. 
This proves that 0→ Zq → Fmod qloc,deg 0
d→ Fmod qloc,deg 1 is exact.
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Lemma A.11. Let p ≥ 1. Given T ∈ Fmod qloc,deg p(U) on the unit ball U satisfying dT = 0
there exists S ∈ Fmod qloc,deg p−1(U) with d S = T .
Proof. There exist T ∈ Fploc(U) and S ∈ Fp+1loc (U) such that dT = qS. Thus dS = 0. Now
S = A + dB where A,B ∈ Rloc(U). Thus dA = 0. Since degree A = p+ 1 ≥ 1 there exists
R ∈ Rploc(U) such that A = dR. Therefore S = dB for some B ∈ Rploc(U). Consequently
T̂ = T − qB ∈ Fploc(U) is another representative of T with dT̂ = 0. Finally solve dS = T̂ on
U with S ∈ Fploc(U). 
In summary, the mod q currents Fmod qloc (X) may be used to compute cohomology with
Zq coefficients.
Theorem A.12.
Hp(X,Zq) =
{T ∈ Fmod qloc,deg p(X) : dT = 0}
dFmod qloc,deg p−1(X)
.
Example 9. Mod q integrally flat OX-twisted currents. This example is almost
identical to Example 8. Let F locmod q(X) := F lock (X)
/
qF lock (X) be the space of mod q
locally integrally flat OX -twisted currents on X and let Z˜q := OX ⊗Z2 Zq. Then the
complex {F locmod q(X) , d} can be used to compute Hp(X, Z˜q), or Hk(X,Zq) = Hpcpt(X, Z˜q)
where p+ k = n.
Example 10. The mod 2 integrally flat case. In this example we wish to compute
Z2 cohomology H
p(X,Z2). This can be done in several equivalent ways. Firstly, restating
Theorem A.12 in the case q = 2,Hp(X,Z2) can be computed from the complex Fmod 2loc (X) :=
F∗loc(X)
/
2F∗loc(X) of mod 2 locally integrally flat currents on X .
Next suppose that V is a real bundle with orientation sheaf OV and let F˜ploc(X) denote
the degree p locally integrally flat OV –twisted currents on X .
Lemma A.13.
Fploc(X)
/
2Fploc(X) ∼= F˜ploc(X)
/
2F˜ploc(X)
Therefore Hp(X,Z2) can also be computed using the complex of mod 2 locally integrally flat
OV –twisted currents.
Proof of Lemma. First we define a mapping ϕ : F˜ploc(X) → Fploc(X)
/
2Fploc(X). Let
T ∈ F˜ploc(X). Choose a locally finite open cover {Uα} of X and fix ordered frames eα for V
over Uα. For each pair (Uα, eα) let Tα ∈ Fploc(Uα) be defined by T = [eα]⊗ Tα on Uα. Note
that Tα = ±Tβ on Ua ∩ Ub. Define Sαβ ∈ Floc(Uα ∩ Uβ) by
Sαβ =
{
0 if Tα = Tβ on Uα ∩ Uβ ,
Tα if Tα = −Tβ on Uα ∩ Uβ .
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Then
(A.14) Tα − Tβ = 2Sαβ on Uα ∩ Uβ .
Let Tα ∈ Fmod 2loc (Uα) be the mod 2 class of Tα. Then, by equation (A.14), Tα = Tβ on
Uα ∩ Uβ . Since the presheaf {Fmod2loc (U)} satisfies the Local to Global axiom (see Theorem
A.8) there is a well defined element ϕ(T ) ∈ Fmod 2loc (X) so that ϕ(T )
∣∣
Uα
= Tα. Note that
ϕ(T ) is well defined independent of the choices of locally finite open cover {Uα} and frames
eα for V over Uα.
In summary we have defined a map ϕ : F˜ploc(X) → Fploc(X)
/
2Fploc(X). Now, since
ϕ(2T )
∣∣
Uα
= 2Tα = 0, the induced map ϕ̂ : F˜ploc(X)
/
2F˜ploc(X) → Fploc(X)
/
2Fploc(X) is
well defined. Finally, to show that ϕ̂ is an isomorphism, we can use the same procedure to
construct an inverse for ϕ̂. 
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